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Abstract

We discuss the existence results for a fuzzy initial value problem of linear differential-algebraic equations and provide an explicit
representation for the solution. A few illustrative examples are given.
© 2014 Elsevier B.V. All rights reserved.

Keywords: Differential-algebraic equations; Fuzzy differential equations; Initial value problems

1. Introduction

Differential equations occur naturally in the modeling of dynamical behavior of physical processes. If the states of
the physical systems are in some ways constrained, for instance, by conservation laws such as Kirchhoff’s laws in elec-
trical networks, or by position constraints such as the movement of mass points on a surface, then the corresponding
mathematical models contain algebraic equations to describe these constraints in addition to the differential equa-
tions that describe the dynamics of the system. Such systems, comprising of both differential and algebraic equations
are called differential-algebraic equations (DAEs). Thus, the modeling of constrained mechanical systems, electrical
circuits and chemical reaction kinetics, semi-discretization of systems of partial differential equations and singular
perturbation problems see [6]), usually lead to systems of DAEs.

For a study of fundamental properties such as the canonical forms, existence and uniqueness theory etc., of a system
of linear DAEs we refer to [11] and [22]. The study of DAE’s is an active research area and there exist works that
deal with different classes of DAEs such as partial DAEs [21], stochastic DAEs [24], functional DAEs [12], ill-posed
DAEs [30]. For a numerical study of DAEs we refer to [6]. Recently, [26] dealt with the study of semi-explicit
systems of nonlinear DAEs, where the coefficients of the system considered are estimated using stochastic collocation
and Galerkin methods.
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On the other hand, in order to obtain realistic models of some dynamical processes, it is often necessary to take
into account imprecision, randomness or uncertainty in the measurement of underlying parameters (see [9,10,16,23]).
Such models require the study of qualitative and numerical aspects of fuzzy differential equations, see [1,2,5,7,18,19].

To the best of our knowledge, a systematic study of existence theory of fuzzy DAEs is yet to be done. Initiating
such a study in this work, we study the existence results for the following initial value problem associated with a
system of fuzzy linear differential-algebraic equations:

Eẋ(t) = Ax(t) + f (t) t ∈ I,

x(0) = γ, (1)

where x(t) = [x1(t), . . . , xn(t)]T , E and A are n × n real matrices, E is a singular matrix, f ∈ C(Ī,Rn) and γ ∈R
n
F ,

n ∈N. Here the interval I = (0, T ) for some T > 0, or (0,∞) and Ī denotes the closure of I.
In our work, we consider the general model in which the entries of the coefficient matrices are not necessarily

positive. Our approach is based on the idea to separate the positive and negative entries by rearranging the unknowns
in a suitable order. We replace the fuzzy system of order n × n by a crisp system of order (2n) × (2n) in which the
positive and the negative entries are separated. We find the conditions that ensure that the solution obtained in the
process is a valid fuzzy solution.

The paper is organized as follows. In Section 2, we introduce some basic notions of fuzzy numbers and describe the
existence theory of the crisp solution for linear differential-algebraic equations. In Section 3, which is the main section
of the paper, we study the existence of solution of the fuzzy initial value problem (1). A few illustrative examples are
presented in Section 4.

2. Preliminaries

In this section we recall a few known results that are needed in our work.
The space of fuzzy numbers (see [13]), denoted by RF , is the set of functions u :R→ [0,1] that have the following

properties:

(i) u is normal, i.e. there exists t0 ∈ R such that u(t0) = 1
(ii) u is fuzzy convex, i.e. u(λt1 + (1 − λ)t2) � min{u(t1), u(t2)}, for any t1, t2 ∈ R, λ ∈ [0,1]

(iii) u is upper semicontinuous
(iv) [u]0 = cl{t ∈ R | u(t) > 0} is compact. (Here clA denotes the closure of A.)

For 0 < α � 1, α-level set of u ∈RF is defined by

[u]α = {t ∈ R
∣∣ u(t) � α

}
.

For any α ∈ [0,1], [u]α = [uα,uα] is a bounded closed interval. For u,v ∈ RF , λ ∈ R, we define the addition u + v

and scalar multiplication λ · u as:

[u + v]α = [u]α + [v]α and

[λ · u]α = λ[u]α,

where [u]α + [v]α and λ[u]α mean the usual addition of two subsets of R and the usual product between a scalar and
a subset of R respectively (see [13,29]).

Let u,v ∈RF . If there exists a unique fuzzy number w ∈RF such that v+w = u, then w is called the H-difference
of u, v and is denoted by u � v (see [27]).

The Hausdorff distance between u and v is given by D : RF ×RF → R+ ∪ {0}
D(u,v) = sup

α∈[0,1]
max

{∣∣uα − vα
∣∣, ∣∣uα − vα

∣∣}.
The space (RF ,D) is a complete metric space.
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