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Abstract

A hypothesis test for the inclusion of the expected value of a fuzzy-valued random element in a given fuzzy set is provided. The
exclusion, or the empty intersection of the expected value of a random fuzzy set and a fuzzy set, is also tested, that allows us to
define one-sided tests for this expected value without the need of considering any restrictive ordering. Both tests are developed by
using a measure of the intersection between fuzzy sets. Asymptotic and bootstrap techniques are established. Some simulations are
included to show the performance of the bootstrap approaches. Finally, the methodology proposed is applied on a real-life situation
related to the field of sensorial analysis.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

Many real-life experiments involve two different kinds of uncertainty: randomness or stochastic uncertainty, which
is due to sampling, and fuzziness or non-stochastic uncertainty, which is due to partial ignorance, imprecision, ag-
gregation processes, etc. Random fuzzy sets (for short RFSs [17]) have been introduced to model these situations
associating fuzzy values with experimental outcomes.

This work is focused on those situations in which a random process generating fuzzy set-valued outcomes is
considered, and classical statistics are applied on them. Specifically, the approach proposed is soundly applicable when
the fuzzy sets generated by the random process either represent precise objects or they are imprecise descriptions or
perceptions provided by an observer [4,11,17,19]. This includes, for instance, the use of fuzzy sets for describing the
set of languages more or less well spoken by individuals in a population or a region, and also situations where the
interest is centered on the random behavior of the observer who delivers fuzzy set-valued observations. This is the case
of the description of the opinions or perceptions of an expert about the quality of a product, the quality of the trees,
etc. The real-life situation analyzed in this work can be placed in this context.

Concerning imprecise data, hypothesis testing procedures and regression approaches have been recently intro-
duced [2,5,6,9,10,18,19]. Most of the hypotheses tests have been developed in practice for centralization or dispersion
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measures, among which are pointed out hypotheses tests for the mean [6,11,12,15] and for the variance [13,18,19] of
one or several RFSs.

The population mean of a random fuzzy set is also a fuzzy set. Some null hypotheses about this fuzzy mean could
be established either based on the equality between this value and a hypothetical given fuzzy set [6,12] or, due to the
imprecision gathered in fuzzy data, based on the inclusion of the fuzzy mean in a fuzzy set. The first aim of this paper
is to test the null hypothesis that the population mean of an RFS is fully included in a given fuzzy set.

A hypothesis test for checking if the population mean of an RFS and a given fuzzy set have empty intersection
will also be provided. This procedure will lead to define one-sided tests for the expected value of a random fuzzy set
in a strict sense, that is, to analyze if the expected value of an RFS is greater or lower than a given fuzzy set having
both sets empty intersection. In this line a one-side test for the expected value of RFSs has been developed in [14].
However, the last test was centered on simple RFSs (i.e., those taking on a finite number of different values) in a
particular class and it considered a parameterized ranking function while the test proposed here is useful in a more
general setting and it is not necessary to consider a priory any restrictive ordering.

To solve both tests the notion of intersection kernel introduced in [22] will be used. Asymptotic techniques will be
applied due to the lack of realistic parametric distributions for RFSs. Some methods based on bootstrap techniques will
also be developed in order to get a better performance for moderate sample sizes taking inspiration on the bootstrap
tests for the fuzzy mean of an RFS (see, for instance, [6,9,15]).

Finally, the methodology will be applied in order to determine if the quality of a specific kind of blue cheese
(called Gamonedo cheese) remains into the limits required by the Protected Designation of Origin (PDO) category by
checking whether the mean value of the subjective opinions given by the expert tasters is either contained or not into
these limits. Representing the feelings of the experts about the features of the cheese by means of precise numbers on
a numerical scale looks arbitrary for such kind of data, since they underly no precise objective feature values. We try
to account for this state of facts by considering trapezoidal fuzzy sets as an approximate rendering of such subjective
perceptions.

The rest of the manuscript is organized as follows. In Section 2, some preliminaries about RFSs are gathered. The
asymptotic procedures for testing the inclusion and the empty intersection of the expected value of a random fuzzy
set with respect to a given fuzzy set are presented in Sections 3 and 4. Some special cases are analyzed in Section 5.
A bootstrap procedure for solving the proposed tests in practice is stated in Section 6. Some simulations are carried
out to show the empirical performance of the tests in Section 7 and their application is illustrated on a case study in
Section 8. In Section 9 some remarks and open problems are provided.

2. Preliminary concepts

Let Fc(Rp) denote the class of fuzzy sets U :Rp → [0,1] such that Uα ∈Kc(Rp) for all α ∈ (0,1], where Kc(Rp)

is the family of all non-empty compact convex subsets of Rp . The α-levels of U are defined as Uα = {x ∈ Rp |
U(x) � α} if α ∈ (0,1], and U0 is the closure of the support of U .

The studies in next sections will be focused on the space of fuzzy sets

F2
c

(
Rp

) = {
U ∈Fc

(
Rp

)
: sU ∈ L2(Sp−1 × [0,1]), λp × λ)

}
,

where sU is the support function of U (see, for instance, [16]) defined such that sU (u,α) = supv∈Uα
〈u,v〉 for (u,α) ∈

Sp−1 × [0,1], Sp−1 is the unit sphere in Rp , λp is the uniform surface measure on Sp−1 and λ denotes the Lebesgue
measure on (0,1].

The usual arithmetic between fuzzy sets in the space F2
c (Rp) is based on Zadeh’s extension principle which agrees

levelwise with the Minkowski addition and the product by a real number for compact convex sets.
The metric used in the formalizations is based on the concepts of generalized mid and spread, defined in Trutschnig

et al. [23] by using the support function of U ∈F2
c (Rp) as mid U(u,α) = mid Uα (u) = (sU (u,α)− sU (−u,α))/2 and

spr U(u,α) = spr Uα (u) = (sU (u,α) + sU (−u,α))/2, for u ∈ Sp−1 and α ∈ (0,1].
Some properties of these functions can be found in [23]. If ‖ · ‖2 denotes the usual functional L2-norm with respect

to the measure λp , then the distance between two fuzzy sets U , V ∈F2
c (Rp) (see [23]) is defined by
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