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Abstract

In this paper we study t-norms on the lattice of closed subintervals of the unit interval. Unlike for t-norms on a product lattice
for which there exists a straightforward characterization of t-norms which are join-morphisms, respectively meet-morphisms, the
situation is more complicated for t-norms in interval-valued fuzzy set theory. In previous papers several characterizations were given
of t-norms in interval-valued fuzzy set theory which are join-morphisms and which satisfy additional properties, but little attention
has been paid to meet-morphisms. Therefore, in this paper, we focus on t-norms which are meet-morphisms. We consider a general
class of t-norms and investigate under which conditions t-norms belonging to this class are meet-morphisms. We also characterize
the t-norms which are both a join- and a meet-morphism and which satisfy an additional border condition.
© 2011 Elsevier B.V. All rights reserved.
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1. Introduction

Interval-valued fuzzy set theory [11,15] is an extension of fuzzy theory in which to each element of the universe
a closed subinterval of the unit interval is assigned which approximates the unknown membership degree. Another
extension of fuzzy set theory is intuitionistic fuzzy set theory introduced by Atanassov [1]. In [8] it is shown that the
underlying lattice of intuitionistic fuzzy set theory is isomorphic to the underlying lattice LI of interval-valued fuzzy
set theory.

In [6,7,5,18] several characterizations of t-norms on LI in terms of t-norms on the unit interval are given. In
[13,19,20] t-norms on related and more general lattices are investigated. However all the characterizations in these
papers only deal with t-norms which are join-morphisms. Unlike for t-norms on a product lattice for which there
exists a straightforward characterization of t-norms which are join-morphisms [3], respectively meet-morphisms, the
situation is more complicated for t-norms in interval-valued fuzzy set theory. Therefore, in this paper, we focus on
t-norms which are meet-morphisms. We consider a general class of t-norms (given in [7]) and investigate under which
conditions t-norms belonging to this class are meet-morphisms.
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2. The lattice LI

Definition 2.1. We define LI = (L I , ≤L I ), where

L I = {[x1, x2]|(x1, x2) ∈ [0, 1]2 and x1 ≤ x2},
[x1, x2] ≤L I [y1, y2] ⇐⇒ (x1 ≤ y1 and x2 ≤ y2), for all [x1, x2], [y1, y2] in L I .

Similarly as Lemma 2.1 in [8] it can be shown that LI is a complete lattice.

Definition 2.2 (Gorzałczany [11] and Sambuc [15]). An interval-valued fuzzy set on U is a mapping A : U → L I .

Definition 2.3 (Atanassov [1]). An intuitionistic fuzzy set on U is a set

A = {(u, �A(u), �A(u))|u ∈ U },
where �A(u) ∈ [0, 1] denotes the membership degree and �A(u) ∈ [0, 1] the non-membership degree of u in A and
where for all u ∈ U , �A(u) + �A(u) ≤ 1.

An intuitionistic fuzzy set A on U can be represented by the LI -fuzzy set A given by

A : U → L I :

u � [�A(u), 1 − �A(u)].

In Fig. 1 the set L I is shown. Note that to each element x = [x1, x2] of L I corresponds a point (x1, x2) ∈ R2.
In the sequel, if x ∈ L I , then we denote its bounds by x1 and x2, i.e. x = [x1, x2]. The length x2 − x1 of the interval

x ∈ L I is called the degree of uncertainty and is denoted by x�. The smallest and the largest elements of LI are given
by 0LI = [0, 0] and 1LI = [1, 1]. Note that, for x, y in L I , x <L I y is equivalent to x ≤L I y and x � y, i.e. either
x1 < y1 and x2 ≤ y2, or x1 ≤ y1 and x2 < y2. We define for further usage the set D = {[x1, x1]|x1 ∈ [0, 1]}.

Note that for any non-empty subset A of L I it holds that

sup A = [sup{x1|[x1, x2] ∈ A}, sup{x2|[x1, x2] ∈ A}],
inf A = [inf{x1|[x1, x2] ∈ A}, inf{x2|[x1, x2] ∈ A}].

Theorem 2.1 (Characterization of supremum in LI , Deschrijver et al. [6]). Let A be an arbitrary non-empty subset
of L I and a ∈ L I . Then a = sup A if and only if

(∀x ∈ A)(x ≤L I a)
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Fig. 1. The grey area is L I .
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