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a b s t r a c t

This paper provides some results including invariance properties, dependence measures,
convexity properties and tail dependence on a transformation of copulas and quasi-
copulas.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

A (bivariate) copula is a function C: [0,1]2 ? [0,1] such that (C1) C(t,0) = C(0, t) = 0 and C(t,1) = C(1, t) = t for all t 2 [0,1],
and (C2) VC([u1,u2] � [v1,v2]) = C(u2,v2) � C(u2,v1) � C(u1,v2) + C(u1,v1) P 0 for all u1, u2, v1, v2 in [0,1] such that u1 6 u2 and
v1 6 v2. Copulas have proved to be a useful tool in the construction of multivariate distribution functions. In fact, in view of
Sklar’s Theorem [22], the joint distribution H of a pair of random variables—defined on a common probability space
ðX;PÞ—and the corresponding marginal distributions F and G are linked by a copula C in the following manner:
H(x,y) = C(F(x),G(y)) for all x,y in [�1,1]. For a complete review of this concept and some of its applications see
[3,12,18]. Let P denote the copula for independent random variables, i.e., P(u,v) = uv for all (u,v) in [0,1]2. Every copula C
satisfies the following inequalities:

maxðuþ v � 1;0Þ ¼Wðu; vÞ 6 Cðu;vÞ 6 Mðu;vÞ ¼ minðu;vÞ; 8ðu;vÞ 2 ½0;1�2;
where M and W are themselves copulas. Various procedures to construct copulas have been proposed in the literature (e.g.,
see [13,18]). Recently, some authors provided construction methods from the class of copulas to itself, or from a more gen-
eral class of functions to another (e.g., see [2,4,6,14,17]).

For a given copula D and a, b 2 [0,1], consider the function Ca,b[D] defined by

Ca;b½D�ðu;vÞ ¼ u1�av1�bDðua;vbÞ; ð1Þ

for every (u,v) 2 [0,1]2. This structure is, in fact, a copula and first appeared in [10,15] as a mechanism for generating asym-
metric copulas. Indeed, if the pair (U1,U2) and (V1,V2) are two independent vectors of uniform (0,1) random variables with
associated copulas D and P, respectively, then Ca,b[D] is the joint distribution of the pair (U,V) defined by
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U ¼maxfU1=a
1 ;V1=ð1�aÞ

1 g; V ¼maxfU1=b
2 ;V1=ð1�bÞ

2 g:

A multivariate generalization of (1) is given in [16]. Observe that C0,0[D] = P, C1,1[D] = D and

Ca;b½M�ðu; vÞ ¼minðu1�av; uv1�bÞ; ð2Þ

is the Marshal–Olkin (which we denote by MO) family of copulas [18]. To the best of our knowledge properties of the family
(1) had not been thoroughly investigated. The aim of this paper is to provide some results for this family, including invari-
ance properties, dependence measures, convexity properties and tail dependence (Section 2). In Section 3 we study the case
in which D is a proper quasi-copula.

2. Properties

In this section we provide some results including invariance properties, dependence measures, convexity properties and
tail dependence on the family (1).

2.1. Invariance

We say that a given copula D is Ca,b invariant under (1) if Ca,b[D] = D for every a, b 2 [0,1]. First note that the transforma-
tion (1) is ‘‘unique’’, in the sense that if D1 and D2 are two copulas such that Ca,b[D1] = Ca,b[D2] for every a, b 2 [0,1], then
D1 = D2. Although we do not find a pattern to describe the class of Ca,b invariant copulas, we note that, for example, the Gum-
bel–Barnett family of copulas [18], defined by

Dhðu;vÞ ¼ uve�h lnðuÞ lnðvÞ; 0 6 h 6 1;

satisfies Ca,b[Dh] = Dabh. The following example shows the invariance property of (1) in the class of extreme value copulas.

Example 1. Consider the family of extreme value copulas [20]

DAðu;vÞ ¼ exp lnðuvÞA lnðuÞ
lnðuvÞ

� �� �
;

with the dependence function A: [0,1] ? [0,1/2], satisfying A(0) = A(1) = 1 and max (t,1 � t) 6 A(t) 6 1. Under the construc-
tion (1) we see that Ca;b½DA� ¼ DAa;b , where

Aa;bðtÞ ¼ ð1� aÞt þ ð1� bÞð1� tÞ þ ðat þ bð1� tÞÞA at
at þ bð1� tÞ

� �
:

We note that the MO family of copulas (2) with the parameters k and c, is a member of the extreme value class of copulas
with the dependence function A(t) = 1 �min (kt,c(1 � t)) and the resulting copula under (1) is a gain a MO copula with the
new parameters ak and bc.

We also have the following result, whose proof is immediate and we omit it.

Proposition 1. For each copula D and a1, b1, a2, b2 2 [0,1], the copula given by (1) satisfies the stability property
Ca2;b2

Ca1 ;b1
½D�

� �
¼ Ca1a2 ;b1b2

½D�.

Example 2. Consider the FGM family of copulas, defined by Dh(u,v) = uv[1 + h(1 � u)(1 � v)] for all (u,v) 2 [0,1]2, with
h 2 [�1,1]. Then we have that

Ca;b½Dh�ðu;vÞ ¼ uv 1þ hð1� uaÞð1� vbÞ
� �

; ðu;vÞ 2 ½0;1�2; ð3Þ

which is an extension of the FGM family of copulas studied in [11]. The resulting family (3) is stable under (1).
For any convex linear combination of copulas (which is again a copula [18]) the following result is immediate.

Proposition 2. Let Dk(u,v) = kD1(u,v) + (1 � k)D2(u,v), k 2 [0,1], be a linear convex combination of two copulas D1 and D2. Then

Ca;b½Dk�ðu;vÞ ¼ kCa;b½D1�ðu;vÞ þ ð1� kÞCa;b½D2�ðu;vÞ:
The following result shows the invariance of the copulas M, P and W.

Proposition 3. Given a copula D, and the transformation defined by (1) for a, b 2 (0,1], we have:

(i) Ca,b[D] = M if, and only if, D = M and a = b = 1.
(ii) Ca,b[D] = W if, and only if, D = W and a = b = 1.
(iii) Ca,b[D] = P if, and only if, D = P.
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