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a b s t r a c t

This paper generalizes fuzzy relation equations following the multi-adjoint philosophy.
Moreover, the solutions of these general fuzzy relation equations and the concepts of a
multi-adjoint property-oriented concept lattice are related, and several results are
obtained from the theory of concept lattices.

As a consequence of this relevant relation, more properties about these general equations
can be proven from the theory of concept lattices and the algorithms developed to compute
concept lattices can be used to obtain solutions. Furthermore, an interesting application to
fuzzy logic programming has been introduced, in which an important problem in this topic
has been interpreted in terms of solving a multi-adjoint relation equation.

� 2013 Elsevier Inc. All rights reserved.

1. Introduction

Fuzzy relation equations, introduced by Sanchez [37], are associated with the composition of fuzzy relations and are used
to investigate theoretical and applicational aspects of fuzzy set theory [14]. Many papers have investigated the capacity to
solve (systems of) fuzzy relation equations, e.g. in [1,7,13,14,33,35].

On the other hand, multi-adjoint property-oriented concept lattices have been introduced in [23] as a generalization of
property-oriented concept lattices [17,18] in a fuzzy environment, that embeds the theory given in [19,20]. These concept
lattices provide a new point of view of rough set theory proposed by Pawlak in the 1980s, which is a formal tool for modeling
and processing incomplete information in information systems [31].

This paper introduces a generalization of fuzzy relation equations in order to consider the flexibility provided by the mul-
ti-adjoint philosophy, generalizing the recent framework given in [2,5,7]. Moreover, an important fact which distinguishes
this paper from the rest, is that multi-adjoint property-oriented concept lattices and multi-adjoint relation equations have
been related in order to attain results that ensure the existence of solutions in these equations, extending those given in [16].
As a consequence, the theory given in [16,34] is generalized. These definitions and results are illustrated by an interesting
application to fuzzy logic programming. An important problem in this topic has been interpreted as solving a multi-adjoint
relation equation, which improves the readability and comprehension of this paper. Finally, the multi-adjoint relation equa-
tions are compared to other general approaches.

An important consequence of this relation is that it enables the properties given, e.g. in [3,4,6,19,20,25,27,36] to be ap-
plied to obtain many properties of these systems. Indeed, the algorithms presented, e.g. in [8,9,22], or further generalizations
to compute the concept lattices in [23,24,27], can be applied to attain the solutions to these systems.

The plan of this paper is the following: a summary of multi-adjoint property-oriented concept analysis is introduced in
Section 2. Section 3 introduces multi-adjoint relation equations together with a problem in fuzzy logic programming.
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Section 4 studies the existence of solutions of a multi-adjoint relation equation and several interesting results, from the
viewpoint of concept lattice theory. The comparison to other approaches is introduced in Section 6. Lastly, the paper ends
with several conclusions and prospects for future work.

2. Multi-adjoint property-oriented concept lattices

The basic operators in this environment are the adjoint triples [12], which are formed by three mappings: a possible non-
commutativity conjunctor and two residuated implications, that satisfy the well-known adjoint property.

Definition 1. Let (P1,61), (P2,62), (P3,63) be posets and &: P1 � P2 ? P3,.: P3 � P2 ? P1,-: P3 � P1 ? P2 be mappings, then
(&,.,-) is an adjoint triple with respect to P1, P2, P3 if:

x61z. y iff x&y63z iff y62z- x ð1Þ

where x 2 P1, y 2 P2 and z 2 P3.
Equivalence (1) is called adjoint property. These operators are a straightforward generalization of t-norms and its resid-

uated implication. Since a t-norm is commutative, in this case both implications coincide. In [28] more general examples of
adjoint triples are given.

Example 1. Let [0,1]m be a regular partition of [0,1] into m pieces, for example [0,1]2 = {0,0.5,1} divides the unit interval
into two pieces.

A discretization of a t-norm &: [0,1] � [0,1] ? [0,1] is the operator &⁄: [0,1]n � [0,1]m ? [0,1]k, where n; m; k 2 N, and
which is defined, for each x 2 [0,1]n and y 2 [0,1]m, as:

x&�y ¼ dk � ðx&yÞe
k

where d_e is the ceiling function.
For this operator, the corresponding residuated implications.⁄: [0,1]k � [0,1]m ? [0,1]n and-⁄: [0,1]k � [0,1]n ? [0,1]m

are defined as:

z.�y ¼ bn � ðz yÞc
n

z-�x ¼
bm � ðz xÞc

m

where b_c is the floor function and  is the residuated implication of the t-norm &.
The triple (&⁄,.⁄,-⁄) is an adjoint triple, although the operator &⁄ could be neither commutative nor associative.

The basic structure, which allows the existence of several adjoint triples for a given triplet of lattices, is the multi-adjoint
property-oriented frame.

Definition 2. Given two complete lattices (L1,�1) and (L2,�2), a poset (P,6) and adjoint triples with respect to P, L2, L1,
(&i,.i,-i), for all i = 1, . . . , l, a multi-adjoint property-oriented frame is the tuple (L1, L2, P, &1, . . . , &l).

The definition of context in this framework is analogous to the one given in [27].

Definition 3. Let (L1, L2, P, &1, . . . , &l) be a multi-adjoint property-oriented frame. A context is a tuple (A,B,R,r), where A and
B are non-empty sets (usually interpreted as attributes and objects, respectively), R is a P-fuzzy relation R: A � B ? P and
r:B ? {1, . . . , l} is a mapping which associates any element in B with some particular adjoint triple in the frame.

From now on, we will fix a multi-adjoint property-oriented frame and context, (L1, L2, P, &1, . . . , &l), (A,B,R,r) and, to im-
prove readability, we will write &b, -b instead of &r(b), -r(b).

In this environment, the following mappings "p : LB
2 ! LA

1 and #N
: LA

1 ! LB
2 are defined, for each a 2 A, b 2 B, as

g"p ðaÞ ¼ supfRða; bÞ&bgðbÞjb 2 Bg
f #

N ðbÞ ¼ infff ðaÞ-bRða; bÞja 2 Ag

The pair ð"p ; #N Þ is an isotone Galois connection [23,24], that is "p and #N are order-preserving; and they satisfy that f #
N"p�1f ,

for all f 2 LA
1, and that g�2g"p#

N
, for all g 2 LB

2.
A pair of fuzzy subsets hg, fi, with g 2 LB, f 2 LA, such that g"p ¼ f and f #

N ¼ g, will be called multi-adjoint property-oriented
concept. In that case, g is called the extent and f the intent of the concept. The set of all these concepts will be denoted byMpN

and, together with the ordering � defined by hg1,f1i � hg2,f2i iff g1 �2g2(or equivalently f1 �1f2), forms a complete lattice
[23,24], ðMpN;�Þ, which is called multi-adjoint property-oriented concept lattice.

A similar theory is developed if r is defined on A, r: A ? {1, . . . , l}.
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