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fuzzy vector mappings based on the generalized Hukuhara differentiability, pseudoinvex-
ity-I and pseudoinvexity-Il. We prove that pseudoinvexity is the necessary and sufficient
condition for a stationary point to be a solution of a fuzzy vector optimization problem.
We give conditions to insure that a fuzzy vector mapping is invex and pseudoinvex
(I'and IT). Moreover, we present some examples to illustrate the results. Lastly, we use these
Generalized Hukuhara differentiability results to study the class of problems which have uncertainty and inaccuracies in the
Necessary and sufficient conditions of objective function coefficients of mathematical programming models.

optimality © 2015 Elsevier Inc. All rights reserved.

Keywords:
Fuzzy vector optimization

1. Introduction

Since the emergence of fuzzy set theory in the 60s, several topics have been developed and, in particular, the area of fuzzy
optimization has grown in recent years. The collection of papers on fuzzy optimization edited by Slowinski [41,42], Delgado
et al. [13], Lodwick and Kacprzyk [29] and the books of Lai and Hwang [26,27] contain a review of this topic from a very
broad point view.

Convex analysis is a fundamental tool in optimization theory and is a natural one to be applied to fuzzy optimization. The
properties of convexity and fuzzy optimization and related problems attracted a wide range of research
[4,11,10,19,20,23,32,37-40,46-53,55].

In [20] the authors proposed a linear ordering on the space of fuzzy intervals. Now, for each fuzzy mapping (fuzzy inter-
val-valued mapping) F, based on this linear ordering, they introduced a ranking function (real-valued function) Tr on the
domain of the fuzzy mapping F. The concepts of convexity and quasiconvexity for a fuzzy mapping F through the real-valued
function Tr were excellently presented in the article [52]. In [39] the Weirstrass theorem was extended from real-valued
function to the fuzzy mappings context. Also, the local-global minimum properties of convex fuzzy mappings were obtained.
More recently, the concept of invex fuzzy mapping and necessary and sufficient conditions for scalar fuzzy optimization
were obtained in [8].
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This article formulates fuzzy vector optimization. For this, we generalize the linear ordering to the space of fuzzy vector
set and we present the concept of solution for the fuzzy vector optimization problem. Then, we give necessary optimality
conditions for this class of problems through the ranking function (vector-valued function) Tr. Later, we extend the concept
of convex fuzzy mapping to the class of invex, pseudoinvex-I and pseudoinvex-II fuzzy vector mappings. Toward this end, we
consider the concept of generalized Hukuhara differentiable fuzzy vector mapping, which is the more general concept of dif-
ferentiability existing in the literature for these classes of mappings [2,3,6,7,25]. Using the new classes of fuzzy vector map-
pings, that is, pseudoinvex-I and pseudoinvex-II fuzzy vector mappings, we obtain some characterizations of efficient and
weakly efficient solutions for fuzzy vector problems in relation to the new optimality condition of stationary point intro-
duced in this article. We give conditions for fuzzy vector mappings to assure that it is invex and pseudoinvex (I and II).
These conditions are based on the invexity of the sum of the endpoint functions of a fuzzy vector mapping. Finally, to illus-
trate the results we obtained, we present several mathematical programming problems where the coefficients of the objec-
tive functions are considered as being fuzzy sets.

2. Notation and the space of fuzzy intervals

A fuzzy set u on R" is a mapping u : R" — [0, 1]. For each fuzzy set u, we denote its a-level set as [u]* = {x € R"|u(x) > o}
for any o € (0, 1]. The support of u we denote by supp(u) where supp(u) = {x € R"|u(x) > 0}. The closure of supp(u) defines
the 0-level of u, i.e. [u]® = cl(supp(u)) where cl(M) means the closure of the subset M c R".

Let ¥¢ denote the family of all fuzzy intervals. So, for any u € ¥ we have that [u]* € K for all « € [0,1], where K¢
denotes the family of all closed and bounded intervals in R. Thus, the o-levels of a fuzzy interval are intervals which
we denote by [u]” = [Uy, U], Uy, Uy € R for all o €[0,1]. If u]' is a singleton then we say that u is a fuzzy number.
Triangular fuzzy numbers are a special type of fuzzy numbers which are defined by three real numbers a < b < ¢ and
we write u = (a,b,c) and

[u}“ = [a+ (b - a)OC,C— (C_ b)“]?

for all o € [0,1]. Also we can denote a triangular fuzzy number u = (a, b, c) by b.
The well-known characterization theorem makes the connection between a fuzzy interval and their endpoint functions
[20].

Theorem 1 [20]. Let u be a fuzzy interval. Then the functions u, u: [0,1] — R, defining the endpoints of the a-level sets of u
(u(o) = uy and u(o) = uy), satisfy the following conditions:

(i) u is a bounded, non-decreasing, left-continuous function in (0, 1] and it is right-continuous at 0.
(ii) u is a bounded, non-increasing, left-continuous function in (0, 1] and it is right-continuous at 0.
(iii) u(1) <u(1).

Reciprocally, given two functions that satisfy the above conditions they uniquely determine a fuzzy interval.

For fuzzy intervals u, v € ¥ and for any real number 2, the addition u + v and scalar multiplication iu are well known,
and we refer the reader to see [14,31]. Also, given two fuzzy intervals u, », we denote by ucgy v the generalized Hukuhara
difference (gH-difference for short) between u and v (see [44]).

Given u, v € F¢, we define the distance between u and v by

D(u, v) = sup max {|uy — ¥y, |Uy — Va|}-
2e[0,1]
(Fc,D) is a complete metric space (see [14]). We denote by #¢ the family of all level-continuous fuzzy intervals [36]. It is
well known that (7&, D) is a separable and complete metric space [36]. Moreover, ¢ is a closed subspace of #¢. Further,
if u = (u,u) be a fuzzy interval, then, u € ¢ if and only if u and u are continuous functions (see [8]).

2.1. A linear ordering on the space of fuzzy intervals

Many authors have studied different methods for ranking fuzzy intervals. Most of these authors suggest mapping each
fuzzy interval into the real line to define a ranking function, see for instance [15-17,45,54]. In [15] a ranking function called
the Average Value (A.V.) was introduced. The A.V. was defined as dependent on several parameters, allowing flexibility in the
final classification. The following definition of ranking function, introduced by Tsumura et al. in [45], is a particular case of
A.V. considering a mean optimism degree. For more details see [5,15].
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