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a b s t r a c t

Real world applications often require dealing with the situations in which the exact numer-
ical values of the (sub)measure of a set may not be provided, but at least some probabilistic
assignment still could be done. Also, several concepts in uncertainty processing are linked
to the processing of distribution functions. In the framework of generalized measure theory
we introduce the probabilistic-valued decomposable set functions which are related to tri-
angle functions as natural candidates for the ‘‘addition’’ in an appropriate probabilistic
metric space. Several set functions, among them the classical (sub)measures, previously
defined sT -submeasures, sL;A-submeasures as well as recently introduced Shen’s (sub)mea-
sures are described and investigated in a unified way. Basic properties and characteriza-
tions of s-decomposable (sub)measures are also studied and numerous extensions of
results from the above mentioned papers are provided.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Consider a grant agency providing a financial support for research in some area. From the set of all grant applications only
the ‘‘successful’’ ones (depending on some internal rules of agency) will receive certain amount of money. So, we have only a
probabilistic information about the measure of the set of ‘‘successful’’ grant applications. Of course, the knowledge of this
information depends on many different aspects: the total budget of money to be divided, the internal rules of the agency,
the quality of reviewers (if any), etc. Further examples are provided by lotteries, or guessing results when we have a prob-
abilistic information about the (counting) measure of possibilities to win the prize. A closely related concept can be found in
Moore’s interval mathematics [16], where the use of intervals in data processing is due to measurement inaccuracy and due
to rounding. Here intervals can be considered in distribution function form linked to random variables uniformly distributed
over the relevant intervals. These model examples resemble the original idea of Menger of probabilistic metric spaces. In his
work [15], Menger proposed to replace a positive number by a distance distribution function. This fact was motivated by
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thinking of situations where the exact distance between two objects may not be provided, but some probability assignment
is still possible. Thus, the importance/diameter/measure of a set might be represented by a distance distribution function.
Recently, probabilistic approaches were successfully applied to modeling uncertain logical arguments [10], to approxima-
tions of incomplete data [6], to inference rules playing an important role in non-monotonic reasoning [4], or to cluster struc-
ture ensemble [25].

In the paper by Hutník and Mesiar [11] the notion of sT -submeasure was defined as a certain (non-additive) set function c
on a ring R of subsets of a non-empty set X, taking values in the set Dþ of distribution functions of non-negative random
variables satisfying c; ¼ e0, the ‘‘antimonotonicity’’ property cE P cF whenever E; F 2 R with E # F, and ‘‘subadditivity’’ prop-
erty of the form

cE[Fðxþ yÞP TðcEðxÞ; cFðyÞÞ; E; F 2 R; x; y > 0; ð1Þ

with T being a left-continuous t-norm. Here, e0 is the distribution function of Dirac random variable concentrated at point 0.
As is shown in [11], such sT -submeasures can be seen as fuzzy number-valued submeasures. In this case the value cE may be
seen as a non-negative LT-fuzzy number, see [3], where sTðcE; cFÞ corresponds to the T-sum of fuzzy numbers cE and cF . Also,
each sM-submeasure c with the minimum t-norm Mðx; yÞ ¼minfx; yg can be represented by means of a non-decreasing sys-
tem ðgaÞa2½0;1� of numerical submeasures as follows

cEðxÞ ¼ sup a 2 ½0;1�; gaðEÞ 6 xf g; E 2 R:

This representation resembles the horizontal representation ðSaÞa2½0;1� of a fuzzy subset S.
The study of probabilistic-valued set functions continued in papers [8,9], where a more general concept has been used. In

fact, in [9] a generalization of sT -submeasures was suggested involving suitable operations L, which replace the standard
addition + on Rþ. On the other hand, since t-norms are rather special operations on the unit interval ½0;1�, the paper [8] deals
with a number of possible generalizations based on aggregation functions in general, studying certain properties of the cor-
responding probabilistic (sub)measures and their (sub)measure spaces.

Recently, in [23] Shen has defined and has studied a class of probabilistic (sub)measures which does not seem to fit into
the concept of the above mentioned results of Hutník and Mesiar. In fact, Shen’s definition of a probabilistic-valued
>-decomposable supmeasure3 M : R! Dþ with the ‘‘subadditivity’’ property

ME[FðtÞP >ðMEðtÞ;MFðtÞÞ; E; F 2 R; t > 0; ð2Þ

with > being a t-norm, corresponds to the notion of smax;T -submeasure defined in [9], however deeper contextual under-
standing was still unclear from that paper. Thus, in this paper we provide an even deeper insight into all the mentioned
notions which are special cases of a probabilistic-valued set function with respect to a triangle function. Recall that a triangle
function s is a binary operation on Dþ such that the triple ðDþ; s;6Þ forms a commutative, partially ordered semigroup with
neutral element e0.

More precisely, the notion of sT -submeasure is related to the triangle function s ¼ sT given by

sTðG;HÞðxÞ ¼ sup
uþv¼x

TðGðuÞ;HðvÞÞ; G;H 2 Dþ ð3Þ

with T being a left-continuous t-norm. Thus, the ‘‘subadditivity’’ property (1) resembles the ‘‘probabilistic analog’’ of the tri-
angle inequality in the Menger probabilistic metric space (under T), see [22]. Moreover, sL;T -submeasures defined in [9,
Definition 2.3] are related to the (triangle) function

sL;TðG;HÞðxÞ ¼ sup
Lðu;vÞ¼x

TðGðuÞ;HðvÞÞ; G;H 2 Dþ; ð4Þ

with a suitable operation L on Rþ. What is more, Shen’s considerations are related to the pointwisely defined (triangle)
function

s>ðG;HÞðtÞ ¼ >ðGðtÞ;HðtÞÞ; G;H 2 Dþ;

and the ‘‘subadditivity’’ property (2) is related to the triangle inequality of the corresponding probabilistic metric space. So,
we can see that triangle functions are the main ingredients connecting all the mentioned notions of (sub)measure. Thus, con-
sidering a general triangle function s on Dþ, we define and study certain properties of s-decomposable (sub)measures on a
ring R of subsets of X – ; in this general setting.

In the next section, the short overview of basic notions and definitions is given. In Section 3, we introduce the basic object
of our study: a s-decomposable set function with values in distance distribution functions and provide a number of concrete
examples. Several properties of such set functions are then investigated in Section 4 and the results related to the probabi-
listic Hausdorff distance are provided in Section 6 generalizing the recent results of Shen [23].

3 supmeasure in the terminology of Shen corresponds to submeasure in our terminology, see [23, Definition 4.1(v)].
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