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1. Introduction

Processing of data that come in some groups one-by-one requires special approaches to aggregation. That occurs in many
real-world problems where data arrive in packages, which come from the same time, place or relative position. For example,
time observation suggests data that come perhaps day by day; a geographical observation suggests data that come perhaps
location by location; and image processing might suggest that each particular pixel should be understood from the informa-
tion contained in surrounding pixels (i.e., in packages which depend on the distance to such pixel, as pointed in [25]). A
related problem is processing of data which can be classified into several disjoint classes with hierarchical structure. In this
paper, we will deal with aggregation of groups of data Xi,...,Xm € [J,.\ [0, 1]" which are obtained one-by-one. The ith group
of data is denoted by X; = (X1, ..., Xi,). The data in a group can be repeated and their ordering is not important, each piece of
information in the given group has the same importance. Such groups are called bags. In aggregation theory, the idea of bags
was firstly considered by Yager [31]. Formally, bags can be viewed as multisets, i.e., sets of the form {(zy,my),..., (v, my)},
where vy, ..., v, are different input arguments and my, . . ., my, are their respective occurrences (m; € {1,2,...}). As in the case
of bags the order of arguments does not matter, they can be represented as m-tuples (xi,...,xm), Where
m=my+my+...+m, and card{jlx;=v;} =my,je{l,....m},ie{l,...,k}. Clearly, for any permutation
o:{1,...,m} — {1,...,m},m-tuples (xq,...,Xy) and (Xs(1), . .., Xs(m ) represent the same bag. In this paper, we do not distin-
guish bags {(v1,m4), ..., (vx,m)} and their representations (xq,...,Xm).

Consider that in the beginning we only have at disposal the data contained in the first bag x; (e.g., “the first day obser-
vations”), and then the information is completed by a bag of data x, = (x,1,...,X2,,) (“the second day observations”), etc. Our
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task is to gain a most informative value a,, € [0, 1], that characterizes the considered data Xy, ..., Xy so that if we obtain a new
bag of data x,,,1 € [0,1]"", we can determine the value a,, ; from a,, and x,,.1. Note that similar problems are discussed in
learning problems in neural systems, see, e.g., [18,33-35]. To capture a special nature of aggregation of data that come in
bags, one can use aggregation functions which have some grouping properties, such as associativity, decomposability or
bisymmetry, for more details see [2,3,13-15]. More special approaches based on composite aggregation or on recursive for-
mulas can be found in [1,5,7-9,11,34]. A rather general approach - called sequential aggregation — was recently proposed by
Kolesarova in [17]. Some related ideas can also be found in [19,27].

The aim of this paper is a substantial development and generalization of the original idea of sequential aggregation,
including proposals of several easy to be implemented sequential aggregation procedures. The paper is organized as follows:
In the next section, the concept of sequential aggregation is introduced, including an illustrative example. Section 3 is
devoted to some construction methods of sequential aggregations based on the averaging or conjunctive approaches. Several
constructions of special aggregation functions that satisfy the (SA) property introduced in Section 2 are described in Sec-
tion 4. Finally, some concluding remarks are provided.

2. Sequential aggregation

Aggregation of a finite set of input values from the unit interval [0, 1] is a substantial tool in many theoretical and applied
areas. We restrict our theoretical considerations to the unit interval, but one could also consider a general interval
I C [—00,00]. In this contribution we follow the terminology used in the recent monograph [13], which describes state-of-
the-art of aggregation theory in the last decade.

Definition 1. An extended aggregation function B is a mapping B : |J,.y[0,1]" — [0, 1] that satisfies the properties:

(i) For each x € [0,1],B(x) = x,
(ii) For each number n € N of inputs, B(0,...,0) =0, B(1,...,1)=1,
N——

N——
n—times n—times
(iii) For each n e N,B(xq,...,x,) < B(yq,...,y,) Whenever (xi,...,xy), J1,...,¥n) €[0,1]", such that x; <y, for each

i=1,...,n

Forafixedn € N,n > 2,a[0,1]" — [0, 1] mapping, which satisfies the boundary conditions (ii) and increasing monotonic-
ity (iii) mentioned in the previous definition, is called an n-ary aggregation function. More information on aggregation func-
tions can be found in [13], see also [2,3]. A discussion on standard assumptions can be found in [12].

Let us suppose that the first bag x; contains n; data, X; = (X11,X12,...,X1n,) € [0, 1]™, and let the result of their aggregation
be the value a; = B;(x;). In the next step, we aggregate the value a; and the data of the second bag X, = (X21,X22,...,X2n,)
€ [0,1])™ using an extended aggregation function B,. We obtain the value

a; = By(a1,Xy) = By (a1, X21,X22, . .., X, )
We proceed in this manner in each step, thus the result of the ith aggregation, i > 2, is
a; = Bi(ai_1,X;) = Bi(ai_1,Xi1, X2, - - -, Xin,)-
As mentioned above, all elements X, . . ., Xi,, of the ith bag of information (for each i) are equivalent with respect to the order,
therefore the aggregation function B; must be symmetric and all B;,i = 2,3, ..., must satisfy the property
Bi(ai_1,Xi1, - .., Xin,) = Bi(Gi_1, Xic(1), - - - » Xiomy))

for any permutation o of indices (1,...,m).

n+1

Definition 2. Let B be an extended aggregation function. We say that B has property (SA), if for all (uy,...,up1) € [0,1]
and each permutation ¢ of the n-tuple (2,...,n+ 1) it holds that

B(ui,ua, ..., Uni1) = B, Ug), - - -, Usne))-
Clearly, each symmetric extended aggregation function B has property (SA), i.e., (SA) is a weakened form of symmetry. The
property (SA) is crucial for our idea of sequential aggregation which indicates the origin of its notation (Sequential
Aggregation).

Example 1. The aggregation function B, which is given by
B(uy, ..., Uns1) = Uy minfly, ..., Uny1},

is an aggregation function with property (SA). Note that this extended aggregation function is not symmetric.
This example suggests a more general situation that assures the property (SA) of extended aggregation functions, namely
the case when the aggregation function B can be decomposed in terms of two functions,
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