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a b s t r a c t

We propose a formal approach to the problem of transforming uncertainty into risk via
information revelation processes. Abstractions and formalizations regarding information
acquisition processes are common in different areas of information sciences. We investi-
gate the relationships between the way information is acquired and the continuity proper-
ties of revelation processes. A class of revelation processes whose continuity is
characterized by how information is transmitted is introduced. This allows us to provide
normative results regarding the continuity of the information acquisition processes of deci-
sion makers (DMs) and their ability to formulate probabilistic predictions within a given
confidence range.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In the context of decision-making under risk, each outcome occurs with a known probability, that is, the probability func-
tion defined on a given set of outcomes S is assumed to be known to the decision maker (DM). In the realm of decision-mak-
ing under uncertainty, the DM faces a set of possible outcomes, each of them happening with an unknown probability (see,
e.g., [21]).

In general, decision theory studies uncertainty and risk separately, e.g., [13]. We study the problem of how an uncertain
situation may be transformed into a risky one. Moving from an uncertain situation to a risky one implies that some infor-
mation must be revealed in the process. However, information theory concentrates mainly on the stochastic properties of
information without considering the information revelation/acquisition process as a topological object, e.g., [5].

We propose a novel purely set-theoretical and topological approach to information revelation through time that allows a
DM to move from an initial situation of uncertainty to a final situation of risk. In our framework, revealing (or transmitting) infor-
mation through time means providing the DM with the information necessary to determine the true probability (probability
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mass or probability density according to the nature of the set of outcomes) of each outcome. Throughout the paper, the theo-
retical analysis will concentrate on the revelation perspective of the information process. However, when presenting the man-
agerial interpretation of the results we will consider the information acquisition perspective of the DM. Both approaches are
equivalent within the current environment. That is, the object of study is the process of information transmission, which
can be analyzed either from the perspective of the transmitter or that of the receiver (the DM). In our setting, the properties
of the process studied do not depend on the perspective considered.

Letting T = [0,1] represent the time interval during which information is revealed, we will consider revelation processes
with the following characteristics. At time 0, no information is available to the DM, who faces the highest uncertainty: any
probability function definable on S could be the true one. As time goes by, the DM receives additional information until a
certain time t 6 1 when all the information is revealed. Clearly, the more information that is revealed the less uncertainty
is faced by the DM. As the amount of information on the true probability function increases, the DM excludes more and more
elements from the set of all possible probability functions on S. At time t 6 1, when all the information becomes available,
the DM is left only with the true probability function. Thus, information being fully revealed is equivalent to uncertainty
being completely transformed into risk.

To formalize the proposed problem we define information revelation processes by means of multifunctions from the time
interval T to the set PR of all the probability functions defined on S. A revelation process is continuous if it satisfies both lower
and upper semi-continuity as a multifunction. No restriction is imposed initially on when and how information is transmit-
ted and the full information revealed. The main objective of the paper is to investigate the relationship between when and/or
how information is transmitted and the continuity properties of revelation processes.

We show that the continuity – both lower and upper semi-continuity – of revelation processes is determined by how
information is transmitted through time and not by when it is transmitted. In this regard, we introduce a class of revelation
processes whose continuity is characterized by how information is transmitted. These revelation processes present a desir-
able and natural contraction-like pattern towards the true probability function. Finally, we characterize a subclass of these
revelation processes satisfying a useful reflecting property.

The main results are intuitively introduced through several examples explicitly discussing different information trans-
mission situations. These examples demonstrate the applications of our framework to management and information
sciences.

1.1. Theoretical motivation

The last decades have witnessed a significant amount of effort on theoretical and practical explorations of intelligent
techniques and soft computing that deal with the uncertainty inherent in scientific, engineering and business decision-mak-
ing processes. Information acquisition has become an important multi-disciplinary domain of information sciences receiving
increasing attention (see [6,25] for special issues on this research area and reviews of the corresponding literature).

When dealing with an abstract intangible object such as the flow of information and its acquisition, a formal approach
leads naturally to the fields of topology and set theory, see [31,14]. In particular, the formal modelization of uncertain
and partial information environments within the information sciences builds on the developments of fuzzy set theory
[39,38], possibility theory [9,40], probability and belief structures [30,35,36], and rough set theory [28,37,38]. Generally,
the convergence properties of uncertain series are studied from a measure-theoretical perspective, e.g., [20,34]. In the same
way, the complex interactions defining the dynamics of information acquisition processes have been analyzed to measure
theoretical terms [19]. In this paper, we take the convergence of the process as given and concentrate on its continuity based
on the information acquisition behavior of the DMs.

We follow a topological/set-theoretical approach to study the process of information acquisition within an initially uncer-
tain environment. Our approach differs significantly from the standard rough set theoretical and information theoretical
ones, summarized by [7,20], and has been chosen for two main reasons. First, it allows us to characterize information as
a tractable object whose properties may be defined and analyzed. Second, we are able to derive properties that relate directly
to the information acquisition behavior of DMs. In particular, the characterization of the information acquisition process as a
topological object allows us to study the effects of its continuity in making reasonably sound decisions. The main result of
the current paper, besides the formal characterization of information processes, is how the way DMs acquire information and
learn about an initially uncertain variable has important consequences regarding their ability to make accurate probabilistic
judgments. That is, if the information acquisition process does not satisfy a key continuity condition [refer to the reflecting
Property (./) in Section 6], the ability of DMs to formulate probabilistic predictions within a given confidence range can only
be guaranteed in the limit time defining the process. As a result, DMs may continue acquiring information after being able to
generate sufficiently accurate judgments, which is suboptimal both in behavioral and information acquisition terms.

Finally, our topological interpretation of an information revelation process as a multifunction H from the time interval T
to the set PR of all the probability functions defined on S allows for both: its interpretation in rough set-theoretical terms and
potential fuzzy set-theoretical expansions. Refer, in particular, to [38] for a description of the main differences between both
theories. More precisely, rough sets could be used to describe the indiscernibility among the probability functions in the im-
age sets of our revelation processes, while the use of fuzziness would constitute a generalization of the dynamical evolution
of these image sets. We will further elaborate on these potential extensions in the conclusion section.
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