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a b s t r a c t

We introduce the notions of bimigrativity and total bimigrativity of an aggregation
function w.r.t. another aggregation function, as a natural generalization of the notions of
migrativity and bisymmetry. We investigate the role of the presence of neutral or
absorbing elements. We also pay attention to the class of weighted quasi-arithmetic
means, a well-known class of bisymmetric aggregation functions.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, there has been a growing interest in the study of the notion of a-migrativity and generalizations thereof
[3,8,9,11–13,15,17,16,24,20]. First introduced by Durante and Sarkoci [9] (see also [11]), the a-migrativity property ex-
presses that the result of modifying one of the inputs of a binary aggregation function, by multiplying it by a constant
a 2 ½0;1�, is the same regardless of which of the inputs is modified. In the special case when this property holds for any
a 2 ½0;1�, we talk about migrativity. This notion was exhaustively analyzed in [7], where it was shown that migrative aggre-
gation functions can be essentially characterized as perturbations of the usual algebraic product TP by means of a suitable
mapping g : ½0;1� ! ½0;1�. From an application point of view, migrativity turns out to be an interesting property in decision
making [18,19,21] and in image processing [6]. Closely related topics are covered in, for example, the study of functional
equations [4,10].

Furthermore, the modification of the inputs may also be realized by an aggregation function other than the algebraic
product. A binary aggregation function A is then called a-B-migrative, with a 2 ½0;1�, w.r.t. an aggregation function B if
the identity AðBðx;aÞ; yÞ ¼ Aðx;Bða; yÞÞ holds for any x, y 2 ½0;1�. In the special case when this property holds for any a in
½0;1�, we talk about B-migrativity. This notion was introduced in [5] and subsumes both associativity and migrativity.

The main goal of this paper is to go one step beyond the above. Instead of modifying just one of the inputs by means of an
aggregation function and a constant a, we now consider the situation where both inputs are simultaneously modified by
means of the same aggregation function, yet through the use of two (possibly different) constants a and b. Explicitly, a binary

http://dx.doi.org/10.1016/j.ins.2014.02.119
0020-0255/� 2014 Elsevier Inc. All rights reserved.

⇑ Corresponding author. Tel.: +34 948 16 6331; fax: +34 948168924.
E-mail address: carlos.lopez@unavarra.es (C. Lopez-Molina).

Information Sciences 274 (2014) 225–235

Contents lists available at ScienceDirect

Information Sciences

journal homepage: www.elsevier .com/locate / ins

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ins.2014.02.119&domain=pdf
http://dx.doi.org/10.1016/j.ins.2014.02.119
mailto:carlos.lopez@unavarra.es
http://dx.doi.org/10.1016/j.ins.2014.02.119
http://www.sciencedirect.com/science/journal/00200255
http://www.elsevier.com/locate/ins


aggregation function A is called ða; bÞ-B-bimigrative, with a, b 2 ½0;1�, w.r.t. an aggregation function B if the identity
AðBðx; aÞ;Bðb; yÞÞ ¼ AðBðx; bÞ; Bða; yÞÞ holds for any x; y 2 ½0;1�. This naturally leads to the new notions of local B-bimigrativity
(when the above identity holds for some specific ða; bÞ 2 ½0;1�2) and global B-bimigrativity (when the above identity holds for
any ða; bÞ 2 ½0;1�2). This approach constitutes a general framework in which bisymmetry [1], B-migrativity and associativity
are contained as special cases.

This paper is organized as follows. After some preliminary definitions in Section 2, Section 3 is devoted to the study of
bimigrativity from a local point of view, while Section 4 analyses global bimigrativity. In Section 5, we deal with the class
of weighted quasi-arithmetic means. We conclude the paper with an even more general notion called total bimigrativity.

2. Preliminaries

We start by recalling some basic notions on aggregation functions that will be needed further on (for more details, see
[14]).

Definition 1. An (n-ary) aggregation function is an increasing mapping A : ½0;1�n ! ½0;1� such that Að0; . . . ;0Þ ¼ 0 and
Að1; . . . ;1Þ ¼ 1.

Unless indicated otherwise, all aggregation functions considered in this paper are binary. The diagonal section of an
aggregation function A is the increasing mapping dA : ½0;1� ! ½0;1� defined by dAðxÞ ¼ Aðx; xÞ. Note that if A is continuous,
then dA is surjective.

Example 1.

(i) The greatest aggregation function A� is defined by

A�ðx; yÞ ¼
0; if x ¼ y ¼ 0;
1; otherwise:

�

(ii) The smallest aggregation function A� is defined by

A�ðx; yÞ ¼
1; if x ¼ y ¼ 1;
0; otherwise:

�

Consider an increasing mapping g : ½0;1� ! ½0;1� such that gð0Þ ¼ 0 and gð1Þ ¼ 1 (i.e., a unary aggregation function). We
can transform any aggregation function A into an aggregation function Ag defined by

Agðx; yÞ ¼ AðgðxÞ; gðyÞÞ:

If the mapping g is bijective, it is called an automorphism.
The dual of an aggregation function A is the aggregation function Ad defined by

Adðx; yÞ ¼ 1� Að1� x;1� yÞ:

Definition 2. Consider an aggregation function A.

(i) An element e 2 ½0;1� is called a neutral element of A if Aðx; eÞ ¼ Aðe; xÞ ¼ x for any x 2 ½0;1�.
(ii) An element a 2 ½0;1� is called an absorbing element (or annihilator) of A if Aðx; aÞ ¼ Aða; xÞ ¼ a for any x 2 ½0;1�.

Definition 3 [2]. An aggregation function A is called:

(i) associative if the identity

AðAðx; yÞ; zÞ ¼ Aðx;Aðy; zÞÞ;

holds for any x; y; z 2 ½0;1�;
(ii) bisymmetric if the identity

AðAðx;uÞ;Aðy;vÞÞ ¼ AðAðx; yÞ;Aðu;vÞÞ;

holds for any x; y;u;v 2 ½0;1�.

The starting point for the discussion in this paper is the notion of migrativity and generalizations thereof.
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