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a b s t r a c t

The hesitant fuzzy linguistic term sets (HFLTSs), which can be used to represent an expert’s
hesitant preferences when assessing a linguistic variable, increase the flexibility of eliciting
and representing linguistic information. The HFLTSs have attracted a lot of attention
recently due to their distinguished power and efficiency in representing uncertainty and
vagueness within the process of decision making. To enhance and extend the applicability
of HFLTSs, this paper investigates and develops different types of distance and similarity
measures for HFLTSs. The paper first proposes a family of distance and similarity measures
between two HFLTSs. Then a variety of weighted or ordered weighted distance and similar-
ity measures between two collections of HFLTSs are proposed and analyzed for discrete and
continuous cases respectively. After that, the application of these measures to multi-crite-
ria decision making problems is given. Based on the proposed distance and similarity mea-
sures, the satisfaction degrees for different alternatives are established and are then used to
rank alternatives in multi-criteria decision making. Finally a practical example concerning
the evaluation of the quality of movies is given to illustrate the applicability and advantage
of the proposed approach and the differences between the proposed distance and similar-
ity measures.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Hesitant fuzzy sets (HFSs), which were first introduced by Torra [30] as an extended form of fuzzy sets, have attracted a
lot of attention recently due to their effectiveness and efficiency in representing uncertainty and vagueness
[13–16,18,30,46,52]. The motivation for introducing HFSs was that it is sometimes difficult to determine the membership
degree of an element to a set, and in some circumstances this difficulty is caused by a doubt between a few different values
[30]. Since the HFS permits the membership degree of an element to a given set represented by several possible values
between 0 and 1, it can express a decision maker’s hesitancy efficiently, especially when two or more sources of vagueness
appear simultaneously.

It should be noted that the HFS was introduced to handle the problems that are represented in quantitative situations. In
many cases, however, uncertainty is produced by the vagueness of meanings whose nature is qualitative rather than quan-
titative [4,8,9,24]. For example, when evaluating the ‘‘speed’’ of a car, the linguistic terms such as ‘‘fast’’, ‘‘very fast’’, ‘‘slow’’
may be used; when evaluating the ‘‘performance’’ of a company, the terms such as ‘‘good’’, ‘‘medium’’, and ‘‘bad’’ can be used.
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For such cases, Zadeh [51] proposed the fuzzy linguistic approach, which has been extended into several different models,
such as the linguistic model based on type-2 fuzzy sets [31], 2-tuple fuzzy linguistic representation model [10,20,21], the
proportional 2-tuple model [32], and so on [6]. However, all these extended models have some serious limitation due to
the fact that they assess a linguistic variable by using a single linguistic term rather than following the information provided
by decision makers regarding the linguistic variable. Because decision makers may consider several terms at the same time
or need a complex linguistic term, such a single linguistic term is often insufficient or very hard to be determined. Motivated
by HFSs and linguistic fuzzy sets, Rodríguez et al. [26] proposed the concept of the hesitant fuzzy linguistic term set (HFLTS),
which provides a different and more powerful form to represent decision makers’ preferences in the decision making pro-
cess. The HFLTS increases the flexibility and capability of eliciting and representing linguistic information. It permits decision
makers to use several linguistic terms to assess a linguistic variable. Thus, it provides many advantages in depicting decision
makers’ cognitions and preferences.

Rodríguez et al. [26] applied HFLTSs to multi-criteria linguistic decision making problems in which decision makers can
provide their assessments by linguistic expressions based on comparative terms, such as ‘‘between very low and medium’’, or
by simple terms, such as ‘‘very low; low; medium; high; very high’’. By using HFLTSs and context-free grammar, Rodríguez
et al. [27] then proposed a new linguistic group decision making model that facilitates the elicitation of flexible linguistic
expressions close to human being’s cognitive models for expressing linguistic preferences. Liu and Rodríguez [19] presented
a new representation of HFLTSs by means of a fuzzy envelope to carry out the computing with words process. Later, Zhu and
Xu [53] introduced the hesitant fuzzy linguistic preference relation (HFLPR) as a tool to collect and represent decision mak-
ers’ preferences and then investigated the consistency of the HFLPR. In order to apply HFLTSs to solve multi-criteria decision
making problems more effectively, we shall pay more attention to the basic characteristics of HFLTSs, in particular distance
and similarity measures which are fundamentally important in many scientific fields, such as decision making, pattern rec-
ognition, and machine learning [42,43,45,46]. In addition, these measures are also the basis of some well-known methods,
such as TOPSIS, VIKOR, ELECTRE. Hence, in this paper, we focus on investigating the distance and similarity measures for
HFLTSs, and then apply them to multi-criteria decision making within the context of hesitant fuzzy linguistic circumstances.

Based on this focus, the rest of this paper is organized as follows: Section 2 presents the concepts of the linguistic term
sets and hesitant fuzzy linguistic term sets. In Section 3, we first review some known distance and similarity measures and
then give the definitions of distance and similarity measures for HFLTSs, based on which several distance and similarity mea-
sures for two HFLTSs are introduced. In Section 4, we focus on the distance and similarity measures for two collections of
HFLTSs, and establish a variety of weighted distance and similarity measures for discrete and continuous cases respectively.
Section 5 gives the application of the proposed distance and similarity measures to multi-criteria decision making. The sat-
isfaction degrees of different alternatives are defined in order to rank alternatives. A practical example concerning the eval-
uation of the quality of movies is then given to illustrate the applicability and advantage of the proposed approach and the
different distance and similarity measures.

2. Linguistic term sets and hesitant fuzzy linguistic term sets

2.1. Linguistic term sets

In the process of decision making, decision makers may feel comfortable and straightforward to provide their knowledge
by using linguistic terms that are close to human being’s cognitive processes. To model and manage such knowledge with
uncertainty, the fuzzy linguistic approach which uses fuzzy set theory to model the linguistic information was proposed by
Zadeh in [51]. The linguistic variable, defined as ‘‘a variable whose values are not numbers but words or sentences in a natural or
artificial language’’, enhances the flexibility and applicability of the decision models and provides good application results in
many different fields [25].

Definition 1 [51]. A linguistic variable is characterized by a quintuple ðH; TðHÞ;U;G;MÞ, where H is the name of variable;
TðHÞ (or simply TÞ denotes the term set of H, i.e., the set of its linguistic values, U is a universe of discourse; G is a syntactic
rule (which usually takes the form of a grammar) for generating the terms in TðHÞ; and M is a semantic rule for associating
each linguistic value X with its meaning, MðXÞ, which is a fuzzy subset of U.

The definition reveals that a linguistic variable is actually established by its linguistic descriptors and semantics. There are
different ways to choose the linguistic descriptors and to define their semantics [8,9,25,26,48]. The commonly used
approaches for selecting the linguistic descriptors include the ordered structure approach and context-free grammar approach.
The definitions of their semantics can be accomplished in three ways: (1) semantics based on an ordered structure of the
linguistic term set; (2) semantics based on membership functions and a semantic rule; and (3) mixed semantics. We pay our
attention herein to the ordered structure approach and the semantics based on the ordered structure of the linguistic term set

By means of supplying directly the term set, the ordered structure approach defines the linguistic term set via considering
all the terms that are distributed on a scale [8,9,48]. The well-known set of seven linguistic terms is given as:
S ¼ fs0 ¼ none; s1 ¼ very low; s2 ¼ low; s3 ¼ medium; s4 ¼ high; s5 ¼ very high; s6 ¼ perfectg. Meanwhile, some other lin-
guistic term sets, which are distributed based on different scales, have been developed as well. For example, Xu
[35,37,41] introduced a subscript-symmetric linguistic evaluation scale, which can be defined as follows:
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