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a b s t r a c t

The k-ary n-cube is one of the most popular interconnection networks for parallel and dis-
tributed systems. Given an edge set in the k-ary n-cube, which conditions guarantee the
existence of a Hamiltonian cycle in the k-ary n-cube containing the edge set? In this paper,
we prove for n P 2 and k P 3 that every matching having at most 3n� 8 edges is con-
tained in a Hamiltonian cycle in the k-ary n-cube. Also, we present an example to show that
the analogous conclusion does not hold for perfect matchings.

� 2015 Elsevier Inc. All rights reserved.

1. Introduction

The k-ary n-cube is one of the most popular interconnection networks for parallel and distributed systems; see [5,8–10].
There is a large amount of literature on topological properties of k-ary n-cube, such as ease of implementation, low-latency
and high-bandwidth interprocessor communication [5,9,15]. Also, it has drawn considerable research attention to its appli-
cations in parallel computing [20], online analytical processing of data [28], cloud computing [17], analysis of multidimen-
sional text databases [30], etc. Several parallel systems, such as iWarp [4,21], Cray T3D [18], Cray T3E [2] and the IBM Blue
Gene [1], have been built based on the k-ary n-cube.

The k-ary n-cube, denoted by Qk
n, where n P 1 and k P 2, is a graph consisting of kn vertices, each of which has the form

u ¼ d1 � � � dn, where 0 6 di 6 k� 1 for every i P 1. Two vertices u ¼ d1 � � � dn and v ¼ b1 � � � bn are adjacent if and only if there
exists an integer j 2 f1; . . . ;ng such that dj ¼ bj � 1 (mod k) and di ¼ bi for every i 2 f1; . . . ;ng n fjg. The Q2

n is the well-studied

hypercube. The Q k
1 with k P 3 is a cycle of length k.

Since some parallel applications such as those in image and signal processing are originally designated for a path or cycle
architecture, it is important to investigate cycle and path embeddings in an interconnection network [3,6,7,11–13,25–27,29].

It is well known that Q k
n is Hamiltonian [5]. Given an edge set in the k-ary n-cube, which conditions guarantee the exis-

tence of a Hamiltonian cycle in the k-ary n-cube containing the edge set? A forest is linear if each component of it is a path.
Caha and Koubek [6] investigated the Hamiltonian cycle and path embedding problem in the 2-ary n-cube with prescribed
edges, and they observed that any proper subgraph of a Hamiltonian cycle must be a linear forest. Dvořák [11] showed for
n P 2 that every linear forest containing at most 2n� 3 edges of an 2-ary n-cube can be embedded into a Hamiltonian cycle.
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Wang et al. [27] and Stewart [23] investigated the case when k P 3, and obtained the following result, respectively.

Theorem 1.1 ([23,27]). For n P 2 and k P 3, if F is a linear forest in Qk
n with jFj 6 2n� 1, then F is contained in a Hamiltonian

cycle in Qk
n.

A set of edges in a graph G is called a matching if no two edges have an end-vertex in common. A matching in G is perfect if
it covers all vertices of G. On the other hand, Ruskey and Savage [22] asked the following question: For n P 2, does every
matching in a hypercube Qn extend to a Hamiltonian cycle in Q n? Kreweras [19] conjectured for n P 2 that every perfect
matching in Q n extends to a Hamiltonian cycle in Q n. Fink [13,14] confirmed the conjecture to be true.

However, the analogous result does not necessarily hold for Qk
n. For example, a perfect matching M in Q6

2 as shown in

Fig. 1 cannot be contained in any Hamiltonian cycle in Q6
2. We can verify this by a computer program: start with the vertex

00, and search for an M-alternating Hamiltonian cycle in Q6
2 by examining all possibilities of M-alternating paths and cycles.

In this paper, we consider the problem of embedding Hamiltonian cycles in the k-ary n-cubes with small matchings, and
obtain the following main result.

Theorem 1.2. For n P 2 and k P 3, if M is a matching in Qk
n with jMj 6 3n� 8, then M is contained in a Hamiltonian cycle in Qk

n.

The rest of the paper is organized as follows. In Section 3 we present the proof of the main result. Section 2 presents some
results about spanning k-paths which are applied in the proof of the main result.

2. Spanning k-paths in Q k
n

This section is devoted to auxiliary results about spanning k-paths which are applied in the constructions of Hamiltonian
cycles in the main result. First, we introduce two classical results about Hamiltonian paths. After that we present some gen-
eralizations of the two results. Since some results are used in the proof of the main theorem frequently, we formulate the
repeating operations as lemmas. Next, we present some results about spanning 2-paths.

Before that, we introduce some necessary definitions. The vertex set and edge set of a graph G are denoted by VðGÞ and
EðGÞ, respectively. For an edge e, we use VðeÞ to denote the set of the two endpoints of e. For a set F # EðGÞ, let
VðFÞ ¼

S
e2FVðeÞ.

For a set U # VðGÞ, let G� U denote the resulting graph by deleting from G the vertices in U together with all the edges
incident with these vertices. For a set F # EðGÞ, let G� F denote the graph with the vertex set VðGÞ and edge set EðGÞ n F.

Let H and H0 be two subgraphs of G. We use H þ H0 to denote the graph with the vertex set VðHÞ [ VðH0Þ and edge set
EðHÞ [ EðH0Þ. Let F # EðGÞ n EðHÞ. We use H þ F to denote the graph with the vertex set VðHÞ [ VðFÞ and edge set EðHÞ [ F.
When F ¼ feg, we simply write H þ F as H þ e.

The distance between vertices u and v in G is the number of edges in a shortest path joining u and v, denoted by dGðu;vÞ,
with the subscripts being omitted when the context is clear. The distance of a vertex u and an edge xy is defined by
dðu; xyÞ ¼minfdðu; xÞ; dðu; yÞg.

A u;v-path is a path with endpoints u and v, denoted by Pu;v when we specify a particular such path. In a graph G, a span-
ning subgraph without isolate vertices is called a spanning k-path if it consists of k disjoint paths. A spanning 1-path thus is
simply a spanning or Hamiltonian path.

In the following, we always assume n P 2 and k P 3. Each vertex in Qk
n has 2n neighbors in Qk

n, and Q k
n is bipartite if and

only if k is even. When k is even, the parity of a vertex u ¼ d1 � � � dn in Q k
n is defined by pðuÞ ¼

Pn
i¼1di (mod 2), and thus the

condition ‘‘pðuÞ– pðvÞ’’ is necessary for the existence of a spanning u; v-path in Qk
n with even k. Note that for even k, if

uv 2 EðQ k
nÞ, then pðuÞ – pðvÞ.

First let us recall the following classical results.

00

10

50

01
05

51 55

Fig. 1. Perfect matching M which is not contained in any Hamiltonian cycle in Q6
2.
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