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a b s t r a c t

The aim of this paper is to correct and improve some results obtained in the paper
‘‘Quantitative logic’’ [Information Sciences 179 (2009) 226–247].

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In [1], the authors introduced the concepts of truth degree of a formula, similarity degree and pseudo-metric between
formulas, divergence degree and consistency degree of a theory, and hence provided a possible framework for graded
approximate reasoning. However, several results in Theorem 8 and Theorem 9 in [1] are incorrect. So, in this note, we will
correct them and give the detailed proof processes.

The above mentioned results are related to n-valued Łukasiewicz propositional logic system Łn, n-valued R0-type propo-
sitional logic system L�n and fuzzy R0-type propositional logic system L�. For the convenience of reading, we will use the same
notations as in [1,2].

2. Corrections to results in systems n and L�n

Definition 2.1 (Wang and Zhou [1]). Let A ¼ Aðp1; . . . ; pmÞ be a formula in FðSÞ containing m atomic formulas p1; . . . ; pm, and
let Aðx1; . . . ; xmÞ be the truth function induced by A. Define

snðAÞ ¼
1

nm

Xn�1

i¼1

i
n� 1

A�1 i
n� 1

� �����
����;
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where jEj denotes the number of elements of the set E. snðAÞ is called the degree of the truth of A in n-valued system.

Definition 2.2 (Wang and Zhou [1]). Let A;B 2 FðSÞ. Define
nnðA;BÞ ¼ snððA! BÞ ^ ðB! AÞÞ:

nnðA;BÞ is called the degree of similarity between A and B. In the sequel we often write n with subscripts to explicitly indicate
the logic system involved.

Definition 2.3 (Wang and Zhou [1]). Let A;B 2 FðSÞ. Define

qnðA;BÞ ¼ 1� nnðA;BÞ:

qnðA;BÞ is called the pseudo-metric between A and B.

Proposition 2.1 (Theorem 8(iv) in [1]).

nnðA;BÞ ¼ 0 if and only if one of A and B is a tautology and the other one is a contradiction. nn here is either nŁn or nR0n
.

The following counterexample shows that Proposition 2.1 is incorrect.

Example 2.1. (1) In system Łn, take A ¼ pn;B ¼ :pn, where p 2 S(the set of all atomic formulas),
p2 ¼ p&p; pkþ1 ¼ pk&p; k ¼ 2;3; . . ., and & is defined by C&D ¼ :ðC ! :DÞ;C;D 2 FðSÞ. Since

8v 2 X; vðpÞ 2 Łn ¼ 0;
1

n� 1
; . . . ;

n� 2
n� 1

;1
� �

;

vðAÞ ¼
1 vðpÞ ¼ 1
0 vðpÞ– 1

�
; vðBÞ ¼

0 vðpÞ ¼ 1
1 vðpÞ– 1

�
;

we get, 8v 2 X;vððA! BÞ ^ ðB! AÞÞ ¼ 0, thus snððA! BÞ ^ ðB! AÞÞ ¼ 0, i.e., nŁn ðA;BÞ ¼ 0. But there is neither a tautology
nor a contradiction in A;B.

(2) In system L�n, take A ¼ ð:p2Þ2;B ¼ :A.

Since

8v 2 X;vðp2Þ ¼
0 vðpÞ 6 1

2

vðpÞ vðpÞ > 1
2

(
; vð:p2Þ ¼

1 vðpÞ 6 1
2
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2

(
;

we get,

vðAÞ ¼
1 vðpÞ 6 1

2

0 vðpÞ > 1
2

(
; vðBÞ ¼

0 vðpÞ 6 1
2

1 vðpÞ > 1
2

(
:

Further we get 8v 2 X;vððA! BÞ ^ ðB! AÞÞ ¼ 0, thus snððA! BÞ ^ ðB! AÞÞ ¼ 0, i.e., nR0n
ðA;BÞ ¼ 0. But there is neither a

tautology nor a contradiction in A;B.

Now we correct Proposition 2.1 as follows:

Theorem 2.1. nnðA; BÞ ¼ 0 if and only if A � :B, and 8v 2 X;vðAÞ 2 f0;1g;vðBÞ 2 f0;1g. nn is either nŁn or nR0n
.

Proof.

(1) In system Łn; nŁn ðA;BÞ ¼ 0,
iff snððA! BÞ ^ ðB! AÞÞ ¼ 0,
iff 8v 2 X;vððA! BÞ ^ ðB! AÞÞ ¼ ð1� vðAÞ þ vðBÞ ^ ð1� vðBÞ þ vðAÞÞ ^ 1 ¼ 0,
iff 8v 2 X;vðAÞ � vðBÞ ¼ 1, or vðBÞ � vðAÞ ¼ 1,
iff 8v 2 X;vðAÞ ¼ 1;vðBÞ ¼ 0; or vðAÞ ¼ 0;vðBÞ ¼ 1,
iff A � :B, and 8v 2 X;vðAÞ 2 f0;1g; vðBÞ 2 f0;1g.

(2) In system L�n; nR0n
ðA;BÞ ¼ 0, iff snððA! BÞ ^ ðB! AÞÞ ¼ 0,

iff 8v 2 X;vððA! BÞ ^ ðB! AÞÞ ¼ ðvðAÞ ! vðBÞÞ ^ ðvðBÞ ! vðAÞÞ ¼ 0,
iff 8v 2 X;vðAÞ ! vðBÞ ¼ 0, or vðBÞ ! vðAÞ ¼ 0,
iff 8v 2 X;1� vðAÞ _ vðBÞ ¼ 0, or 1� vðBÞ _ vðAÞ ¼ 0,
iff 8v 2 X;vðAÞ ¼ 1;vðBÞ ¼ 0; or vðAÞ ¼ 0;vðBÞ ¼ 1,
iff A � :B, and 8v 2 X;vðAÞ 2 f0;1g; vðBÞ 2 f0;1g. h

Since qnðA;BÞ ¼ 1 if and only if nnðA;BÞ ¼ 0, the following proposition is also incorrect.
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