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a b s t r a c t

Let p be a prime with 6j(p � 1) and integer m P 1. As a generalization of the Hall’s sextic
residue sequences, we introduce some families of generalized cyclotomic binary sequences
over the residue class ring modulo pm by defining sextic generalized cyclotomic residue
classes. We determine the values of the linear complexity, which are large enough to resist
security attacks using the Berlekamp–Massey algorithm. We also investigate the trace
function representation for the resulting sequences when m = 2.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Let p be an odd prime and integer m P 1. We identify Zpm , the residue ring modulo pm, with the set {0, 1, . . . , pm � 1}. We
also denote by Z�pm the set of unit elements of Zpm . Since Z�pm is a cyclic group under the multiplicative operation, let g be one
of its generators (or primitive elements). Then we have

Z�pm ¼ fgi : i ¼ 0;1; . . . ;uðpmÞg;

where u(�) is the Euler totient function. By defining different partitions of Z�pm , the ring Zpm is extensively applied to con-
structing pseudorandom sequences in the literature. A typical partition is the (generalized) cyclotomic classes, see below
for the definition.

In this paper, we always suppose that g is a primitive element modulo p2. We note that in this case g is a primitive ele-
ment modulo pn for any n P 1 [16]. That is, the order of g in Z�pn is ordpn ðgÞ ¼ uðpnÞ ¼ pn�1ðp� 1Þ. Let d be an even integer
satisfying dj(p � 1). Now for each n, we get the (generalized) cyclotomic classes of Z�pn by defining

DðnÞ0 ¼ ðgdÞ ¼ gdkðmodpnÞ : k ¼ 0;1; . . . ;
uðpnÞ

d
� 1

� �
;

DðnÞl ¼ glDðnÞ0 ¼ glxðmodpnÞ : x 2 DðnÞ0

n o
; l ¼ 1; . . . ;d� 1;

which give a partition of Z�pn . Let
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RðnÞ ¼ pZpn�1 ¼ f0; p;2p; . . . ; ðpn�1 � 1Þpg;

we have

Zpn ¼ Z�pn [ RðnÞ ¼ DðnÞ0 [ DðnÞ1 [ � � � [ DðnÞd�1

� �
[ RðnÞ:

Thus we represent the ring Zpm as follows

Zpm ¼ DðmÞ0 [ DðmÞ1 [ � � � [ DðmÞd�1 [ pZpm�1

¼ DðmÞ0 [ pDðm�1Þ
0

� �
[ � � � [ DðmÞd�1 [ pDðm�1Þ

d�1

� �
[ p2Zpm�2

. . .

¼
[m
n¼1

pm�nDðnÞ0

 ![
� � �
[ [m

n¼1

pm�nDðnÞd�1

 ![
f0g:

Assume that

Cl ¼
[m
n¼1

pm�nDðnÞl ; l ¼ 0;1 . . . ;d� 1; ð1Þ

then we have

Zpm ¼
[d�1

i¼0

Ci [ f0g and Ci \ Cj ¼ ;; i – j; i; j ¼ 0; . . . ;d� 1;

where ; denotes the empty set.
So one can construct a pm-periodic binary sequence {st}tP0 by defining

st ¼
1; if tðmod pmÞ 2 C0 [ � � � [ Cd

2�1;

0; otherwise;

(
t P 0; ð2Þ

where C0 [ � � � [ Cd
2�1 is called the characteristic set of {st}tP0. We note that {st}tP0 is called a cyclotomic sequence for m = 1 or a

generalized cyclotomic sequence for m P 2. Some special cases have been investigated in the literature, see Table 1, in which
the symbol ‘‘

p
’’ means that the trace function representation of the corresponding sequences has been investigated.

In this paper, we will consider {st}tP0 defined in (2) and its related sequences when m P 1 and d = 6.

Definition 1. Let distinct integers u; v;w 2 Z6 ¼ f0;1; . . . ;5g, which is the residue class ring modulo 6. The triple subset
{u,v,w} is admissible over Z6 if there exists an ‘ 2 Z6 such that

fuþ ‘ðmod6Þ;v þ ‘ðmod6Þ;wþ ‘ðmod6Þg ¼ Z6 n fu;v ;wg:
One can easily verify that all admissible triples over Z6 are

f0;1;2g; f1;2;3g; f2;3;4g; f3;4;5g; f4;5; 0g; f5;0;1g; f1;3;5g; f0;2;4g:

Proposition 1. Each admissible triple {u,v,w} over Z6 satisfies

fu; v;w;uþ 3ðmod 6Þ; v þ 3ðmod 6Þ;wþ 3ðmod 6Þg ¼ Z6:

Proof. Clearly. h

Now we introduce the new sequences. Let A be the set of all admissible triples over Z6.

Table 1
Some known cyclotomic sequences and generalized cyclotomic sequences.

m, d Characteristic set Linear complexity Trace Refs.

m = 1, d = 2 C1 p�1
2 ; p� 1; p

n o p
[6,13,14]

m = 1, d = 6 C0 [ C1 [ C2 pþ1
2 ; p

n o p
[8]

m = 1, d = 6 C0 [ C1 [ C3 p�1
6 ; p

n o p
[9,10]

m = 2, d = 2 C1 [ {0} p2þ1
2 ;p2

n o
– [19,1,17]

m = 3, d = 2 C1 [ {0} p3�1
2 ;p3 � 1;p3

n o
– [11]

m P 2, d = 2 C1 [ {0} pm�1
2 ; pm � 1;pm

n o
– [18,12]
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