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Abstract

Some new q-ary sequences with period q3ek � 1 (q ¼ pm, p an odd prime, m, e, k integers) are first constructed and then,
inspired by Antweiler’s method, their linear complexity is examined. The exact value of linear complexity kð6eÞw is deter-
mined when r ¼

Pw
i¼1pei . Furthermore, an upper bound of the linear complexity is given for the other values of r. Our

results show that this sequence has larger linear span than GMW sequence with the same parameters. Finally, the results
of a Maple program are included to illustrate the validity of the results.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Pseudo-random sequences have broad applications in many fields such as stream cipher, channel coding
and spread spectrum communication [4,17]. Especially for cryptographic applications it is of course highly
desirable that the linear complexity be as large as possible. We note that the linear complexity of a sequence,
which is the minimal degree of a linear feedback shift register (LFSR) for generating it [5,6], is one of the
important properties of a sequence employed in the secure communication and cryptography [2]. Having a
large linear complexity implies difficulty in analyzing the sequence.

The trace function [12] representation of sequences plays an important role in implementing the generator
of sequences and analyzing their properties. In 1984, Scholtz and Welch [16] presented a method for generat-
ing m-sequences using the trace function. Some results have been published by Komo about complex
sequences with constant magnitude which are produced by linear feedback shift registers [11,14,15]. In
1992, Antweiler et al. extended it to p-ary GMW sequences [1,8]. Recently, nonbinary sequences with good
cryptographic properties have been investigated [7,10,9,13].
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This paper is organized as follows. Based on the theory of finite fields, a new class of q-ary sequence is con-
structed in Section 2. The linear complexity of resulted sequences is investigated by using the method proposed
by Antweiler [1] in Section 3. Especially, the exact value of linear complexity is obtained when r ¼

Pw
i¼1pei and

hence the trace representation and the characteristic polynomial of the sequence can be obtained. Moreover, an
upper bound of the linear complexity is given when the other forms of the value parameter r are taken. Results
show that this sequence has larger linear span than the GMW sequence with the same parameters. As an exam-
ple, the results of a Maple program are included to illustrate the validity of the results in Section 4.

2. The construction

In this section, we briefly describe the basic properties of the trace function and construct the new
sequences.

Assume that p is a prime, n ¼ em > 1, where e and m are positive integers. The trace function trn
mð�Þ is the

mapping from F pn to its subfield F pm defined by trn
mðaÞ ¼

Pe�1
i¼0 apmi

, where a is an element in F pn . The trace func-
tion satisfies the following:

(1) trn
mðaÞ ¼ trn

mðapmjÞ and trn
mðapjÞ ¼ ðtrn

mðaÞÞ
pj

, for all a 2 F pn and all j.
(2) trn

mðaaþ bbÞ ¼ atrn
mðaÞ þ btrn

mðbÞ, for all a; b 2 F pm and a; b 2 F pn .
(3) trn

1ðaÞ ¼ trm
1 ðtrn

mðaÞÞ, for all a 2 F pn

We refer the readers to [12] for detailed properties of the trace function.
In the following description, we let q ¼ pm, p is an odd prime, m and e and k positive integers and

s ¼ q2ek � qek þ 1, n ¼ 3ek. Assume a is a primitive element of F qn . Let r ð1 6 r 6 qk � 2Þ be relatively prime
to qk � 1.

Definition 1. With the previous notations, the q-ary sequences faðtÞg1t¼0 of period q3ek � 1 is defined as

aðtÞ ¼ trk
1f½tr3ek

k ðat þ astÞ�rg:
In order to determine the linear complexity of these sequences, we need the following result due to Antwe-

iler and Bomer [1].

Lemma 1. Assume that a sequence fbðtÞg is given by bðtÞ ¼
PN�1

i¼0 dib
eit, where b is a primitive element of some

extension field F qn and di 6¼ 0 for all i. Then the polynomial sðxÞ ¼
QN�1

i¼0 ðx� beiÞ is the characteristic polynomial

of the sequence fbðtÞg and the linear complexity is N, i.e., the number of nonzero coefficients in the representation

of fbðtÞg.

According to Lemma 1, the determination of the linear complexity LSðaÞ of the sequence faðtÞg constructed
in Definition 1 is performed in several steps: first we list the elements of the inner sequence which are given by
the inner trace function power. The linear complexity is then the number of nonzero coefficients in this expan-
sion. Next, we apply this result to the composed sequence.

3. Linear complexity of the sequences

For all x 2 Zpt , we can write it as x ¼
Pt�1

i¼0xipi; 0 6 xi < p.

Lemma 2. Let cðxÞ ¼ ½tr3ek
k ðxþ xsÞ�r, where 1 6 r 6 qk � 2; gcdðr; qk � 1Þ ¼ 1, and r ¼

Pmk�1
i¼0 ripi with

0 6 ri < p, then

cðxÞ ¼ ðxþ � � � þ xQl�1 þ xs þ � � � þ xsQðl�1Þ Þr ¼
X

B

dBxtrðABÞ; ð1Þ

where

(i) Q ¼ qk; l ¼ 3ek=k ¼ 3e;
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