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a b s t r a c t

In this correspondence, we obtain the linear complexity and minimal polynomials of binary
Whiteman generalized cyclotomic sequences of order 2k, where k > 1. Our result shows
that all of these sequences possess large linear complexity.

� 2008 Elsevier Inc. All rights reserved.

1. Introduction

Pseudo-random sequences used for stream ciphers are required to have the properties of unpredictability. The linear
complexity is one of the important components that indicate this feature. If a sequence s1 ¼ ðs0; s1; s2; . . .Þ satisfies
sj þ c1sj�1 þ � � � þ cLsj�L ¼ 0, where j P L, L is a positive integer, c1; c2; . . . ; cL 2 GFðMÞ, GF(M) denotes a Galois field of order
M, then the least L is called the linear complexity of the sequence s1, denoted by L(s1), which is the length of the shortest
linear feedback shift register (LFSR) that can generate this sequence. By the Berlekamp–Massey algorithm [4], if Lðs1Þ > N=2
(N is the least period of s1), then s1 is considered good with respect to its linear complexity. Characteristic polynomials of
the sequences s1 ¼ ðs0; s1; s2; . . .Þ and sN ¼ ðs0; s1; s2; . . . ; sN�1Þ are defined as SðxÞ ¼ s0 þ s1xþ s2x2 þ � � � ¼

P1
i¼0sixi and SNðxÞ ¼

s0 þ s1xþ s2x2 þ � � � þ sN�1xN�1, respectively. If N is a period of s1, then mðxÞ ¼ ð1� xNÞ= gcdðsNðxÞ;1� xNÞ is called the mini-
mal polynomial of s1, yielding the classic equation

Lðs1Þ ¼ degðmðxÞÞ ¼ N � deg gcdðxN � 1; SNðxÞÞ
� �

: ð1Þ

We refer readers to Cusick et al. [4] for details.
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Let p and q be odd primes, d ¼ gcdðp� 1; q� 1Þ and e ¼ ðp� 1Þðq� 1Þ=d. The Chinese Remainder Theorem guarantees
that there exists a common primitive root, g, of both p and q, and the order of g modulo N is e. Let x be an integer satisfying
x � gðmodpÞ, and x � 1ðmodqÞ. The existence and uniqueness of xðmodpqÞ are also guaranteed by the Chinese Remainder
Theorem. Thus, we can get a subgroup of the residue ring, ZN , with its multiplication [12], as the following:

Z�N ¼ fgsxi : s ¼ 0;1; . . . ; e� 1; i ¼ 0;1; . . . ; d� 1g:

A Whiteman generalized cyclotomic class of order d with respect to p and q [4] is defined as

Di ¼ fgsxi : s ¼ 0;1; . . . ; e� 1g; where i ¼ 0;1; . . . ; d� 1:

Let P ¼ fp;2p; . . . ; ðq� 1Þpg;Q ¼ fq;2q; . . . ; ðp� 1Þqg and R = {0}. We consider the case d ¼ gcdðp� 1; q� 1Þ ¼ 2k. Let

C0 ¼
[2k�1�1

i¼0

Di; C1 ¼
[2k�1

i¼2k�1

Di; B0 ¼ R [ Q [ C0; B1 ¼ P [ C1:

Then B0 [ B1 ¼ ZN;B0 \ B1 ¼ ;, where ; denotes the empty set.
A binary sequence s ¼ ðs0; s1; . . .Þ is defined by Ding and Helleseth as the generalized Whiteman cyclotomic sequence of

order d as the following:

si ¼
1; if iðmodNÞ 2 B1;

0; otherwise:

�

Generalized Whiteman cyclotomic sequences behave like the twin-prime sequences and have several good randomness
properties which are important in cryptography and coding [4,6,9]. These sequences of order 2 have been shown to possess
high linear complexity [7] and low autocorrelation [3–5]. Then Bai et al. proved that the linear complexity of these sequences
of order 4 is high enough [1]. Now we consider the linear complexity of these sequences of order 2k, where k > 1.

Some new generalized cyclotomic sequences defined by Ding and Helleseth and their modified versions defined by Li
et al. are based on a new generalized cyclotomy [8,10,11]. Although most of these new sequences have been proved to pos-
sess good linear complexity [2,10,11,13–16], but their properties of correlation are not good enough [14,16].

2. Linear complexity of binary Whiteman generalized cyclotomic sequences of order 2k

In the following, we always assume k is larger than 1. The following Lemmas 1–6 are needed to prove Lemma 7.

Lemma 1 [4]. Let the symbols be the same as before. Then

(1) ordNðgÞ ¼ e, where ordNðgÞ denotes the order of g modulo N.
(2) D0 is a subgroup of Z�N.

Lemma 2 [4]. For all a 2 Di, aDj ¼ Diþj.

Define Ji ¼
S2k�1þi

t¼2k�1þiDt . Then Lemma 2 yields

Lemma 3. J0 ¼ C1; J2k�1 ¼ C0 and aJi ¼ Jiþj, for each a 2 Dj.

If we define SiðxÞ ¼
P

j2Ji[Pxj, where i ¼ 0;1; . . . ;2k � 1, then S0ðxÞ ¼
P

i2B1
xi is the generating polynomial of the binary se-

quence s1. Let a be a primitive Nth root of unity over the field GFð2mÞ which is the splitting field of xN � 1, where
m ¼ ordNð2Þ.

Lemma 4. Let the symbols be the same as before. Then

(1)
P

j2Paj ¼
P

j2Qaj ¼ 1:
(2) SiðaÞ þ S2k�1þiðaÞ ¼ 1.

Proof. From the definition of a, we have

0 ¼ aN � 1 ¼ ðapÞq � 1 ¼ ðap � 1Þð1þ ap þ a2p þ � � � þ aðq�1ÞpÞ:

Hence, 1þ ap þ a2p þ � � � þ aðq�1Þp ¼ 0. By symmetry, we have

1þ aq þ a2q þ � � � þ aðp�1Þq ¼ 0: ð2Þ

So (1) of this lemma is proven.
From the definition of a, we have

0 ¼ aN � 1 ¼ ða� 1Þð1þ aþ a2 þ � � � þ apq�1Þ: ð3Þ
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