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1. Introduction

Pseudo-random sequences used for stream ciphers are required to have the properties of unpredictability. The linear
complexity is one of the important components that indicate this feature. If a sequence s> = (so,S51,S2,...) satisfies
Sj+C1Sj-1 + -+ csj. = 0, where j > L, L is a positive integer, ci,¢,..., ¢ € GF(M), GF(M) denotes a Galois field of order
M, then the least L is called the linear complexity of the sequence s>, denoted by L(s>), which is the length of the shortest
linear feedback shift register (LFSR) that can generate this sequence. By the Berlekamp-Massey algorithm [4], if L(s*) > N/2
(N is the least period of s*°), then s* is considered good with respect to its linear complexity. Characteristic polynomials of
the sequences s* = (so,$1,S2,...) and sV = (s, 51,52, ...,Sy_1) are defined as S(x) = So + $1X + $2x% + - -- = S_rpsix and SNx) =
So +S1X + $2x2 + - - - + sy_1xN 1, respectively. If N is a period of s>, then m(x) = (1 — xV)/gcd(sV(x),1 — xV) is called the mini-
mal polynomial of s*, yielding the classic equation

L(s®) = deg(m(x)) = N — deg (gcd(x” - 1,5”(x))>. (1)

We refer readers to Cusick et al. [4] for details.
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Let p and q be odd primes, d =gcd(p—1,g—1) and e = (p — 1)(q — 1)/d. The Chinese Remainder Theorem guarantees
that there exists a common primitive root, g, of both p and g, and the order of g modulo N is e. Let x be an integer satisfying
x = g(modp), and x = 1(modgq). The existence and uniqueness of x(modpq) are also guaranteed by the Chinese Remainder
Theorem. Thus, we can get a subgroup of the residue ring, Zy, with its multiplication [12], as the following:

Zy=1{gx:5s=0,1,....,e-1;i=0,1,...,d - 1}.

A Whiteman generalized cyclotomic class of order d with respect to p and q [4] is defined as
Di={g’x:s=0,1,...,e—1}, wherei=0,1,...,d—1.

Let P={p,2p,...,(q—1)p},Q ={q,2q,...,(p — 1)q} and R ={0}. We consider the case d = gcd(p — 1,q — 1) = 2*. Let

211 2k-1
Co= |J DiGi= |J Di, Bo=RuQuUCo,B;i =PUC;.

i=0 ik

Then By U By = Zy,Bg N By = (), where () denotes the empty set.
A binary sequence s = (so, S1,...) is defined by Ding and Helleseth as the generalized Whiteman cyclotomic sequence of
order d as the following:

o {1, if i(modN) € By,
"7 10, otherwise.

Generalized Whiteman cyclotomic sequences behave like the twin-prime sequences and have several good randomness
properties which are important in cryptography and coding [4,6,9]. These sequences of order 2 have been shown to possess
high linear complexity [7] and low autocorrelation [3-5]. Then Bai et al. proved that the linear complexity of these sequences
of order 4 is high enough [1]. Now we consider the linear complexity of these sequences of order 2¥, where k > 1.

Some new generalized cyclotomic sequences defined by Ding and Helleseth and their modified versions defined by Li
et al. are based on a new generalized cyclotomy [8,10,11]. Although most of these new sequences have been proved to pos-
sess good linear complexity [2,10,11,13-16], but their properties of correlation are not good enough [14,16].

2. Linear complexity of binary Whiteman generalized cyclotomic sequences of order 2*

In the following, we always assume k is larger than 1. The following Lemmas 1-6 are needed to prove Lemma 7.
Lemma 1 [4]. Let the symbols be the same as before. Then

(1) ordn(g) = e, where ordy(g) denotes the order of g modulo N.
(2) Do is a subgroup of Zy,.

Lemma 2 [4]. For all a € D;, aD; = D;,.
Define J; = Ufi;ﬁ;p[. Then Lemma 2 yields
Lemma 3. J; = Cq,J,c1 = Co and aJ; = J;,, for each a € D;.

If we define S;(x) = ;. p¥, wherei=0,1,..., 2K — 1, then Sy(x) = i, X' is the generating polynomial of the binary se-
quence s*. Let o be a primitive Nth root of unity over the field GF(2™) which is the splitting field of x¥ — 1, where
m = ordy(2).

Lemma 4. Let the symbols be the same as before. Then
(1) Yiept? =2 i = 1.
(2) Si(%) + Sy () = 1.
Proof. From the definition of «, we have
O=a"-1=@@")"-1=( -1+ + o + -+ ol P),
Hence, 1+ o + o’ + - .- + o4-P = 0, By symmetry, we have
1+o0+0o+ - ol D=0, )

So (1) of this lemma is proven.
From the definition of &, we have

O=o"-1=(@-1DA+oa+0®+-- +aP). 3)
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