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a b s t r a c t

In hierarchical organizations, hierarchical structures naturally correspond to nested sets.
That is, we have a collection of sets such that for any two sets, either one of them is a subset
of the other, or they are disjoint. In other words, a nested set system forms a hierarchy in
the form of a tree structure. The task assignment problem on such hierarchical organiza-
tions is a real life problem. In this paper, we introduce the tree-like weighted set packing
problem, which is a weighted set packing problem restricted to sets forming tree-like hier-
archical structure. We propose a dynamic programming algorithm with cubic time
complexity.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction

The set packing problem is an NP-Complete problem, it is one of 21 problems of Karp [8]. The set packing problem asks
whether there are some k pairwise disjoint subsets in a family S of subsets of a universal set U.

Bounding the cardinalities of the subsets by a number m results in a similar problem called m-set packing problem. That
is, all the subsets should have cardinality at most m. This problem is also NP-Complete for m P 3 [2]. Algorithms for the
parameterized version of m-Set Packing can be found in Fellows et al. [1], Jia et al. [7] and Liu et al. [11].

Below we define the weighted set packing problem as a decision problem.

Definition. Let U be a set. Let S be a family of subsets of U. Let w: S ? N be a weight function assigning (possibly negative)
weights to the subsets. Let k 2 N and h 2 N. The weighted set packing problem asks whether there are some k pairwise disjoint
subsets K in S such that h 6

P
D2K wðDÞ.

Clearly, the weighted set packing problem is NP-Complete due to the NP-Completeness of the unweighted case.
Problems similar to the weighted set packing problem can be found in the literature. For example, in Halldórsson and

Chandra [5] the Weighted m-set packing problem was defined. This problem does not contain the constraint k, so, only
the total weight is maximized. The optimization version of Weighted m-Set Packing is NP-Hard [5]. In Halldórsson and Chan-
dra [5], an approximation algorithm for the problem was given with an approximation ratio 2(m + 1)/3. Also, a parameter-
ized algorithm for Weighted m-Set Packing was introduced in Liu et al. [10].

In hierarchical organizations, hierarchical structures naturally correspond to nested sets. That is, we have a collection of
sets such that for any two sets X and Y, either X is a subset of Y, or Y is a subset of X, or X and Y are disjoint. In other words, a
nested set system forms a hierarchy in the form of a tree structure.
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The task assignment problem on such hierarchical organizations is a real life problem. For example, in military applica-
tions, the engagement rules for artillery correspond to this kind of target assignment problem [3]. This target assignment
problem is equivalent to the weighted set packing problem in which the sets are nested. Other variations of hierarchical task
assignment problems can be found in Toroslu and Arslanoglu [13].

Various forms of assignment problems have been studied in the literature [9,6,12], but, none of them are similar to our
work.

In the following section we define the tree-like weighted set packing problem, which is a weighted set packing problem
restricted to sets forming a tree-like hierarchical structure. Then, we describe an efficient solution using dynamic program-
ming. To the best of our knowledge this is the first introduction of this problem.

2. Tree-like weighted set packing problem

In this section we introduce the Tree-like weighted set packing problem, which turns out to be in P, by imposing a con-
dition on the internal structure of the family of subsets at hand. The condition is stated using the notion of a tree, showing
why the selected title makes sense (we actually use the notion of forest instead of tree to obtain a more general problem).

Definition. We say that a family S of nonempty subsets is tree-like, if the subsets in S can be organized as a forest F of rooted
trees such that,

1. the nodes in F are exactly the subsets in S,
2. if a node Y is a child of another node X in F, then we have Y � X,
3. if Z is another child of X, then Y and Z are disjoint,
4. the roots are pairwise disjoint (i.e. they have no common elements).

There may be other definitions of the notion ‘‘tree-like”, as in Guo and Niedermeier [4]. Guo and Niedermeier [4] deal with
the problem Tree-Like Weighted Set Cover (TWSC). In that work, a subset collection C is called tree-like if the subsets in C can be
organized in a tree T such that every subset one-to-one corresponds to a node of T and, for each element s in C, the nodes of T
corresponding to the subsets containing s induce a subtree of T. Our tree-like definition is very similar to the one in Guo and
Niedermeier [4], except that we also allow forests.

Below we will define the Tree-like weighted set packing problem as an optimization problem. We will avoid the notion of
disjoint subsets, since two disjoint sets in this setting correspond to two independent nodes. First we define independency
in an arbitrary forest:

Definition. We say two distinct nodes x and y in a forest are dependent, if they are on the same path from a root to a leaf in
the forest. Otherwise they are independent. We can extend the definition to set of nodes. We say that a node set N is
independent if any two distinct nodes x and y in N are independent.

Definition. Let F be a forest of rooted and weighted trees with n nodes. The weights of the nodes are (possibly negative)
integers. For a node d, let w(d) denote the weight of d. Let also k 2 N (k 6 n) be given. The problem is to find a set
K = {d1,d2, . . . ,dk} of k nodes in F such that, the sum of the weights of these nodes

P
d2K wðdÞ is maximal among all such sets,

subject to the independency constraint, which states that any two distinct nodes x, y 2 K should be independent.
We will call this problem the tree-like weighted set packing problem.
In what follows, for simplicity, we will assume that F is actually a tree. We do not lose any generality doing so, because,

otherwise, F can be converted to a tree by adding a new node r as root, and making all the old roots children of r. This will not
affect the result, provided that the artificial node r has a weight less than all other nodes.

3. A recurrence relation for the problem

For a nonempty tree T, a weight function w, and a number k P 0, let Qk(T) denote the maximum sum of weights of k pair-
wise independent nodes in T, that is, what the defined problem asks. Let n denote the number of nodes in T, and t denote the
number of leaves in T. We also want to achieve Qk(T) = �1 if k > t.

Here is a recurrence relation for this problem. Let r denote the root of a nonempty tree T. Let r have m P 0 children (sub-
trees) ci(1 6 i 6m) and 0 6 k. Again, let t denote the number of leaves in T (note that t > 0 since we assume T is nonempty):

QkðTÞ ¼

0 if k ¼ 0;
maxðQ1ðciÞÞmaxwðrÞ if k ¼ 1;
�1 if k > t;

max
Pm
i¼1

Qki ðciÞ such that
Pm
i¼1

ki ¼ k
� �

otherwise:
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