Information Sciences 178 (2008) 3565-3576

Contents lists available at ScienceDirect

INFORMATION
'sCl

SCIENCES
Rtk

Information Sciences

journal homepage: www.elsevier.com/locate/ins et

Level sets and the extension principle for interval valued fuzzy sets and
its application to uncertainty measures

Ronald R. Yager

Machine Intelligence Institute, lona College, New Rochelle, NY 10801, United States

ARTICLE INFO ABSTRACT
Aftidﬁ history: We describe the representation of a fuzzy subset in terms of its crisp level sets. We then
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sentation of an interval valued fuzzy set in terms of crisp level sets. We note that in this
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representation while the level sets are crisp the memberships are still intervals. Once hav-
ing this representation we turn to its role in the extension principle and particularly to the
extension of measures of uncertainty of interval valued fuzzy sets. Two types of extension
of uncertainty measures are investigated. The first, based on the level set representation,

Keywords: . .

Fuzzy sets leads to extensions whose values_ for the measure .of uncertfimty are themselves fuzzy sets.
Uncertainty The second, based on the use of integrals, results in extensions whose value for the uncer-
Internal valued tainty of an interval valued fuzzy sets is an interval.

Extension principle © 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Within the framework of fuzzy set theory Zadeh’s extension principle [16,19,21,11] provides a crucial tool for enabling
the performance of mathematical operations and algorithms when data values are expressed as fuzzy sets. In the case when
the operation to be extended is an operation defined via a mapping whose arguments are crisp subsets, such as probability
measures, the representation theorem [18] must often be used to provide a crisp set representation of a fuzzy set in terms of
level sets. Our objective here is to provide the basis for the extension of set mapping operations to the case of interval valued
fuzzy sets. To accomplish this we need to introduce the idea of the level sets of interval fuzzy sets and the related formu-
lation of a representation of an interval valued fuzzy set in terms of its level sets. Once having these structures we then
can provide the desired extension to interval valued fuzzy sets. Here we apply our tools to the extension of measures of
uncertainty of interval valued fuzzy sets.

2. Level sets and the representation theorem

Assume F is a standard fuzzy subset of a finite set X. We recall that the level sets associated with F are defined as
Fo = {x|F(x) > o}. The level sets are crisp subsets of X. They are the subsets of X with membership grade at least o.

The representation theorem [18] provides a method for expressing F in terms of the level sets in particular F = Ug[o, 1)0Fx
where aFy is a fuzzy subset of X with membership function aFy(x) = o if x € Fy and aFy(x) = 0 if x & Fy. If we let I* be a fuzzy
subset such that for all x we have I%(x) = o we see that aFy = Fy N I*. From this we see that oFy(x) = Fg(x) A o = Min[Fg(x), ).
We also see that aFy(x) is the product of o and Fy(x).
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We note that for F = Ugg[o,1)0F then F(x) = Maxg[oFy(x)]. It is the largest membership of x in any of the fuzzy subsets oFy.
In the case where X is finite there can be only a finite set of distinct membership grades of the elements of X in F. If we
denote these as f; and index them in increasing order

Bo < B1 <Py <Pz <P,
where we let By = 0. In this case there are m + 1 distinct level sets associated with F. In particular
Fy ={x|F(x) = p;}, P1<a<p forj=1tom.

We now suggest an alternative methodology for obtaining the representation theorem. Again let F be a fuzzy subset of the
finite set X. Let X be the power set of X, it is the set of all subsets of X. For any B € I we define

ValF(B) = MinxeB[F(x)]'

Thus Val{B) is the min membership grade of the elements of B in F. Val{B) can also be expressed as
Valp(B) = Miny[(F(x) A B(x)) v B(x)].

Let us denote D = Ugcx{ValHB)}, it is the set of all distinct values of ValgB). For any a € D we let Py, = {B|ValgB) = o}, it is the
collection of all subsets of X whose value is a. Py is a subset of the power set of X. Let us now denote B, = (Jpp,B, it is the
union of all the subsets that have ValgB) = o.. Using this we can obtain a form of the representation theorem. In particular

F=|]JoB,,

aeD

where again aBy is defined as a fuzzy subset whose membership grade oBy(x) = oo A By(x). It is worth emphasizing the range
of « in the preceding union is only the subset D, the set of distinct membership grades associated with F.

3. A representation theorem for interval valued fuzzy sets

Recent interest has focused on type 2 fuzzy subsets, particularly interval valued type 2 [5,9]. Again let X be a finite set. An
interval valued fuzzy subset (IVFS) A is one in which the membership grades are intervals, A(x) = [L(x), R(x)]. Here we require
that L(x) and R(x) € [0,1] and R(x) > L(x). We note that if L(x) = R(x) then the membership grade A(x) = L(x) = R(x).

The manipulation of these interval valued fuzzy subsets makes considerable use of interval arithmetic. We shall briefly
describe some of the operators. Assume A; and A, are two IVFS, their intersection D = A; N A; is also an IVFS such D(x) =
Min(A1(x), Ax(x)). We note that the minimum of two intervals is defined as

Min(A; (x),A2(x)) = [Min(L (x), L (x)), Min(R; (x), Ra (x))],

hence we get D(x) = [Li(x) A Ly(x),R1(x) A Ry(X)].

More generally if A;,...,Aq are all IVES then F=A;NA,---NAy is an IVFS with membership grade F(x) = Minj(Ai(x)) =
[MiniL,»(x), Min,-Ri(x)].

The union of IVFS is defined in a similar manner with Max replacing Min. Thus if E=A; UA, --- UA4 then E is an IVFS

where E(x)=[Max;Li(x), Max;R(x)]. The negation of an IVFS is denoted A and if A(x)=[L(x), R(x)] then
AX) =[1-R(x),1—Lx).
We look at these operations for some special cases of membership grade. Two important membership grades are A(x) = 0
and A(y) = 1 which are represented in an IVFS respectively as A(x) = [0,0] and A(y) =[1,1]. We easily see that
[L,R] A [0,0] = [0, 0],
[L,RIA[1,1] =[L,R]

and
[L,R] v [0,0] = [L,R],
LRIV [1,1] = [1,1].
Another notable membership grade in the case of IVFS’s is unknown, here A(x) = [0,1]. We see that in the case of this mem-
bership grade we get
LR A[0,1] = [0,R],
LR V[0,1] = [L,1].
We note that if A(x)=[0,1] then A(x) = [0, 1].
We now turn to the task of providing a representation theorem for interval valued fuzzy sets. We shall provide an alter-
native method of getting the representation theorem introduced earlier.

Let A be an IVFS on the finite set X. We denote its membership grades as A(x) = [L(x), R(x)]. Again let ¥ be the power set of
X. For any B € I¥ we define

Val,q (B) = MinxeB[A(X)]'
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