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Abstract

We introduce and study a new family of normalized distance measures between binary fuzzy operators, along with its
dual family of similarity measures. Both are based on matrix norms and arise from the study of the aggregate plausibility
of set-operations. We also suggest a new family of normalized distance measures between fuzzy sets, based on binary oper-
ators and matrix norms, and discuss its qualitative and quantitative features. All measures proposed are intended for appli-
cations and may be customized according to the needs and intuition of the user.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries

In this section, we review standard notations and definitions from the literature of fuzzy sets
[5,6,8,12,14,17], regarding operators (implication, product, and aggregation) and metrics for fuzzy sets. In
Section 2, we propose and study a family of normalized distance measures for binary fuzzy operators in gen-
eral (and fuzzy implications in particular), its dual family of similarity measures, and an analogously moti-
vated family of distance measures for fuzzy sets. Section 3 contains numerical examples and, finally,
Section 4, recapitulates the results presented in this paper and comments on the usefulness of the measures
proposed.

For any finite universe set X = {x,...,x,} the set of fuzzy sets on it is denoted by FS(X). For any two fuzzy
sets 4, B € FS(X), with membership functions u and v, respectively, various distance measures have been pro-
posed [2,4,11]. The ones most commonly employed in practice are
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The Hamming distance du(p,v) = >0 |u(x;) — v(xi)l,

The normalized Hamming distance da(p,v) = 1570 |ulx) — v(x)],

The Euclidean distance de(p,v) = \/Zle(u(xi) —v(x))%,

The normalized Euclidean dne(p,v) = \/% S (plx) — v(x;))%, and
distance

The maximum distance doo (1, v) = max;|u(x;) — v(x:)].

Implication is a function that maps the truth values of any pair of propositions p and ¢ to the truth value
of the conditional proposition “if p then ¢”. In classical set theory, implication is the mapping
m:{0,1} x {0,1} — {0, 1} with m(1,0) =0 and m(0,0) = m(0,1) = m(1,1) = 1. Similarly, in fuzzy set the-
ory, a fuzzy implication, o(a,b) € J, is any extension of the classical implication to fuzzy propositions p with
plausibility a € [0,1] and ¢ with plausibility b € [0,1], which at least satisfies the boundary conditions
a(1,0) =0 and ¢(0,0) = ¢(0,1) = a(1,1) =1 [12].

The potential variety of fuzzy implications is obviously infinite, but those employed in practice belong to at
least one of three general classes (see [6,8,12,14]):

(i) S-implications a(a,b) = S(N(a), b),
(if) R-implications a(a,b) = sup{x € [0,1] | T(a,x) < b}, and
(iii) QL-implications o(a,b) = S(N(a), T (a,b)), for some operator triplet (7,S,N) on [0, 1] consisting of a
t-norm T, a t-conorm S, and a fuzzy negation N, which together obey the De Morgan laws.

Aggregation or averaging operations (see, e.g., [12]) allow multiple fuzzy sets to be combined. They are real-
ized by functions of the form:

H: [07 1]” - [07 1]7 n > 27

that are continuous and increasing in all arguments, and satisfy the classical boundary conditions

H(0,...,0) =0and H(1,...,1) = 1. Where all sets are of equal importance, aggregation operators are also
required to be symmetric in all arguments (unaffected by permutations) and idempotent (i.e., to satisfy
H(a,...,a) =a,Va € [0, 1]). The most commonly used family of such operators are the generalized means de-
fined by

L\
a2 (1571
i=1

Generalized means include the maximum, the root-mean-square, the arithmetic mean, the geometric mean, the
harmonic mean, and the minimum for f = 00,2,1,0, -1, and —oo0, respectively. Since some arguments of Hp
may be zero, it is only generalized means with > 0 (usually with € {1,2}) that are of practical importance
as aggregation operators.

Contrary to the above theoretical definitions, in fuzzy systems applications the predominant practice
(known as the Mamdani method [12]) is to replace fuzzy implications with fuzzy products (symmetric opera-
tors, formally akin to t-norms), and to aggregate the results by union (usually the max{- - -}). The fuzzy prod-
ucts most commonly used in applications are

The Mamdani rule om(p(xi), v(y;)) = min{u(x;), v(y;)} and

The Larsen rule ora(p(x), V(yj)) = p(x;) * V()’j)-

Fuzzy products clearly do not reduce to the classical implication in the limit. In fact, they differ fundamen-
tally from fuzzy implications in that they:
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