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a b s t r a c t

Let Lm denote the chain f0;1;2; . . . ;m� 1g with the usual ordering and MnðLmÞ the matrix
semiring of all n� n matrices with elements in Lm. We firstly introduce some order-pre-
serving semiring homomorphisms from MnðLmÞ to MðLkÞ. By using these homomorphisms,
we show that a matrix over the finite chain Lm can be decomposed into the sum of some
matrices over the finite chain Lk , where k < m. As a result, cut matrices decomposition the-
orem of a fuzzy matrix (Theorem 4 in [Z.T. Fan, Q.S. Cheng, A survey on the powers of fuzzy
matrices and FBAMs, International Journal of Computational Cognition 2 (2004) 1–25
(invited paper)]) is generalized and extended. Further, we study the index and periodicity
of a matrix over a finite chain and get some new results. On the other hand, we introduce a
semiring embedding mapping from the semiring MnðLmÞ to the direct product of the h cop-
ies of the semiring MnðLkÞ and discuss Green’s relations on the multiplicative semigroup of
the semiring MnðLmÞ. We think that some results obtained in this paper is useful for the
study of fuzzy matrices.

� 2008 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

A semiring is an algebra ðS;þ; �Þ with two binary operations + and � such that both the reducts ðS;þÞ and ðS; �Þ are semi-
groups and such that the distributive laws xðyþ zÞ ¼ xyþ xz and ðxþ yÞz ¼ xzþ yz hold [1–4]. A semiring S is said to be a
partially ordered semiring if it admits a compatible ordering 6; that is, 6 is a partial order on S satisfying the following con-
dition: for any a; b; c; d 2 S,

if a 6 b and c 6 d; then aþ c 6 bþ d and ac 6 bd:

A partially ordered semiring S is said to be a totally ordered semiring if the imposed partial order is a total order [6,7,15,16].
Throughout this paper, we always assume that m and k are any (but fixed) two positive integers with 1 < k < m and that

h ¼ dm�1
k�1e is the least integer greater than or equal to m�1

k�1 .
Let Lm be the chain f0;1;2; . . . ;m� 1g with the usual ordering. Define the addition and the multiplication on Lm as

follows:

ð8a; b 2 LmÞaþ b ¼ maxfa; bg and ab ¼ minfa; bg:
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Then it is easily seen that ðLm;þ; �;6Þ is a totally ordered semiring. Let MnðLmÞ denote the set of all n� n matrices with ele-
ments in Lm. As usual, we define the addition and the multiplication on MnðLmÞ as follows:

ð8A ¼ ðaijÞ;B ¼ ðbijÞ 2 MnðLmÞÞAþ B ¼ C and AB ¼ D;

where dij ¼
Pn

k¼1aikbkj ¼maxfminfai1; b1jg;minfai2; b2jg; . . . ;minfain; bnjgg and cij ¼ aij þ bij ¼ maxfaij; bijg. Then ðMnðLmÞ;þ; �Þ
is a semiring. Equip this semiring ðMnðLmÞ;þ; �Þ with the partial order relation

A 6 B() aij 6 bij:

Then ðMnðLmÞ;þ; �;6Þ is a semilattic ordered semiring. That is, ðMnðLmÞ;6Þ is a semilattice and ðMnðLmÞ;þ; �;6Þ is a partially
ordered semiring.

By replacing Lm with the closed interval ½0;1� (a infinite chain with the usual ordering) in the above definitions, we may
get so-called n� n fuzzy matrices and fuzzy matrix semirings. The fuzzy matrices have been extensively studied [1–5,8–14].
We notice that the some problems in theory of fuzzy matrices may be translated into the corresponding problems in the
theory of semilattice-ordered semirings MnðLmÞ. For instance, given any (but fixed) n� n fuzzy matrix A ¼ ðaijÞ, without loss
of generality, suppose that a0 < a1 < a2 < � � � < am�1 is the sequence of all the distinct elements of A and that B ¼ ðbijÞ, where
bij ¼ t if aij ¼ at . It is easily seen that B 2 MnðLmÞ and that the index and period of fuzzy matrix A are equal to the index and
period of matrix B, respectively. Thus, to discuss the index and period of a fuzzy matrix A, we may only study the index and
period of matrix B. This also shows that our studies on the n� n matrices over the finite chain Lm and on the matrix semiring
MnðLmÞ are useful for the study of fuzzy matrices.

In Section 2, some order-preserving semiring homomorphisms from MnðLmÞ to MðLkÞ are introduced and studied. By using
these homomorphisms, it is shown in Section 3 that a matrix over the finite chain Lm can be decomposed into the sum of
some matrices over the finite chain Lk, where k < m. As a result, cut matrices decomposition theorem of a fuzzy matrix (The-
orem 4 in [1]) is generalized and extended. Further, the index and periodicity of a matrix over a finite chain are studied and
some new results are obtained. On the other hand, a semiring embedding mapping from the semiring MnðLmÞ to the direct
product of the h copies of the semiring MnðLkÞ is introduced and the Green’s relations for the multiplicative semigroup of the
semiring MnðLmÞ are discussed in Section 4.

2. Order-preserving semiring homomorphisms

Definition 1. For any 1 6 s 6 h, define the mapping uðsÞmk from Lm to Lk by

uðsÞmkðiÞ ¼
0; i < ðk� 1Þðs� 1Þ;
j; ðk� 1Þðs� 1Þ 6 i ¼ ðk� 1Þðs� 1Þ þ j 6 ðk� 1Þs;
k� 1; i > ðk� 1Þs:

8><
>:

Example 1

uð1Þ10;3 ¼
0 1 2 3 4 5 6 7 8 9

0 1 2 2 2 2 2 2 2 2

� �
;

uð2Þ10;3 ¼
0 1 2 3 4 5 6 7 8 9

0 0 0 1 2 2 2 2 2 2

� �
;

uð3Þ10;3 ¼
0 1 2 3 4 5 6 7 8 9

0 0 0 0 0 1 2 2 2 2

� �
;

uð4Þ10;3 ¼
0 1 2 3 4 5 6 7 8 9

0 0 0 0 0 0 0 1 2 2

� �
;

uð5Þ10;3 ¼
0 1 2 3 4 5 6 7 8 9

0 0 0 0 0 0 0 0 0 1

� �
;

where the image of an element i in first row stands under i in each of the above matrices.

Lemma 1. For any i; j 2 Lm with i 6 j and any positive integers s; t with s 6 t 6 h, we have

uðsÞmkðiÞ 6 uðsÞmkðjÞ; ð1Þ
uðtÞmkðiÞ 6 uðsÞmkðiÞ: ð2Þ
uðsÞmkðiþ jÞ ¼ uðsÞmkðiÞ þ uðsÞmkðjÞ; ð3Þ
uðsÞmkðijÞ ¼ uðsÞmkðiÞu

ðsÞ
mkðjÞ: ð4Þ

Proof. For any i; j 2 Lm with i 6 j, by Definition 1, it is easily verified that uðsÞmkðiÞ 6 uðsÞmkðjÞ holds in Lk and uðtÞmkðiÞ 6 uðsÞmkðiÞ for
any 1 6 s 6 t 6 h. That is to say, (1) and (2) are true.
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