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a b s t r a c t

This paper introduces an approach to carry the uncertainty about the wind speed through the optimiza-
tion for the economic dispatching. This approach uses simulated wind speed data points for inputs to eco-
nomic dispatch models and produces data for estimating the probability distributions of optimal fossil
fuel generation outputs, transmission loss, and total cost of power generation. Large samples of simulated
data allow statistical analyses of the outputs such as the mean, median, percentiles, and confidence inter-
vals for each output variable, plots of distributions of all output variables, and correlation measures for
examining relationships between pairs of the output variables. Through the proposed algorithm, a gen-
eration expansion planner can perform useful analyses without executing the algorithm repeatedly. The
algorithm and its results are illustrated through an example of an economic dispatch model and a model
for the distribution of the wind speed based on a forecast for the planning target time.

Published by Elsevier Ltd.

Introduction

In electric power system literature, an Economic Dispatch (ED)
model is used to minimize the cost of production of power to be
generated by several sources for a target time. With the increasing
penetration of the wind energy in power systems, one of the chal-
lenges facing the system operators is how to incorporate the wind
energy potential and reliably dispatch an optimal combination of
all the available energy sources [1–16]. The primary problem asso-
ciated with incorporating the wind power into the ED model is the
uncertainty about the wind speed for the dispatching target time
which is usually a day ahead. The stochastic aspect of the wind
speed has been addressed in the literature through inclusion of
the probability density function (PDF) of the wind power genera-
tion and the expected cost of over and/or under estimation of the
wind speed into the ED model [3,4]. In addition, [5] has used
Monte Carlo simulation and a forecasting model to generate short
term wind speed forecast for the ED model. These stochastic ED
methods provide optimal combinations of the available energy
sources to be dispatched. However, thus far producing the proba-
bility distributions of the optimal solutions in the context of the
stochastic ED models has not been considered. This paper fulfills
this void.

Producing the probability distributions of the optimal solutions
in the closely related problem of optimal power flow (OPF) is com-
monplace. The Monte Carlo simulation and some approximation
methods are used for finding the solutions’ PDFs in the OPF prob-
lem [17–21]. This paper proposes a Monte Carlo simulation algo-
rithm for producing PDFs of the optimal solutions of the
stochastic ED models, hereafter referred to as S-ED.

We will describe the proposed algorithm, illustrate it through
an example, and discuss how a generation expansion planner can
performmany useful analyses using the outputs of S-ED. For exam-
ple the generation expansion planner can do the economic dis-
patch of the fossil power plants based the mean, median,
percentiles of the distributions of the optimal outputs of the fossil
fuel power plants, minimum operation costs, and transmission
losses. Based on a range of the wind speed with a given probability,
a planner can determine the corresponding ranges of the output
variables. Similarly, for a sub-range of the optimal operation range
of any fossil fuel power plant, the planner will be able to determine
its probability as well as the corresponding sub-ranges of the opti-
mal operation ranges of the remaining generators and their proba-
bilities. In addition, the planner can perform ‘‘what if” analyses in
order to compare the probability distributions of the optimal out-
puts of the fossil fuel power plants, the transmission losses, and
optimal operation costs under various scenarios.

This paper is organized as follows. Section ‘Stochastic inputs and
outputs’ describes the proposed S-ED algorithm. Section ‘Illustratio
n of S-ED algorithm’ illustrates the S-ED algorithm through an
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example that includes Monte Carlo simulation from a wind speed
forecast model. Section ‘Planning applications’ discusses a few
planning applications. Section ‘Conclusions’ gives the concluding
remarks. An Appendix A provides details on Monte Carlo simula-
tions based on a wind speed series data and a forecast available
for the planning time and defines the notion of stochastic order
used for comparing the distributions of the optimal solutions.

Stochastic inputs and outputs

The wind speed for planning target time t will be denoted by W
(t) and its distribution will be denoted by FWðtÞ; the dependence of
the wind speed, its distribution, all subsequent variables on the
target time t are explicitly emphasized. The wind power used in
the ED models is a function of the wind speed, PWðtÞ ¼ qðWðtÞÞ, thus
the random fluctuation of the wind speed induces randomness into
the wind power, thereby into the ED model [22,23]. Due to the ran-
domness of PW(t), all of the outputs of an ED model are subject to
random fluctuations. The following relationship between the wind
power at the planning time, PWðtÞ and W(t) is commonly used:

PWðtÞ ¼ qðWðtÞÞ ¼
0 WðtÞ 6 VCI or WðtÞ P VCO

ðWðtÞ�VCIÞWr
Vr�VCI

VCI 6 WðtÞ 6 Vr

Wr Vr 6 WðtÞ 6 VCO

8><
>:

ð1Þ
where VCI, Vr and VCO are cut-in, rated and cut-out wind speeds
respectively, and Wr is the rated wind power.

Let fw(t) denote the probability density function (PDF) of the dis-
tribution of the wind speed Fw(t). Then the probability distribution
of the wind power random variable, Pw(t), can be represented as fol-
lows: a continuous PDF g(Pw(t)) over the interval (0, Wr) where,

gðPWðtÞÞ ¼ Vr � VCI

Wr
fWðtÞðPWðtÞÞ; 0 6 PWðtÞ 6 wr ð2Þ

and two probability atoms at the end points of the interval
0 6 PwðtÞ 6 wr given by

PrðPWðtÞ ¼ 0Þ ¼ 1þ FWðtÞðVCIÞ � FWðtÞðVCOÞ; ð3Þ
PrðPWðtÞ ¼ wrÞ ¼ FWðtÞðVCOÞ � FWðtÞðVCIÞ: ð4Þ

The outputs of an EDmodel withN fossil fuel generators, include
a vector of optimal powers, PED = (P1,ED, . . . , PN,ED), the total opera-
tion cost OC, and the total transmission loss PL. The time-variant
random input, PW(t), of the EDmodel produces time-variant random
fossil fuel power vector, PED(t) = (PED,1(t), . . . , PED,N(t)).

The inputs of the proposed S-ED algorithm are Monte Carlo
samples W1(t), . . . , WM(t) from a wind speed distribution. For each
simulated wind speed, Wh(t), h = 1, . . . , M, an of outcome is com-
puted using Eq. (1), which provide a random sample of sizeM from
the probability distribution of the wind power Eqs. (2)–(4).

For each simulated input of the wind power, PhW(t) = g(Wh(t)),
h = 1, . . . , M, the ED model uses the power demand, fuel cost coef-
ficients, transmission loss coefficients, and the system constraints
as inputs. The ED model produces, Ph(t) = (P1(t), . . . , PN(t))h, OCh(t),
and PhL(t). Upon using the entire set of simulated samples of the
wind power, PhW(t) = g(Wh(t)), h = 1, . . . , M, the ED model provides
Monte Carlo samples of size M from the probability distributions
of the optimal random vector PED(t), the operation cost OCED(t),
and the transmission loss. These samples are made available
through simulations where mathematical functional relationships
between the inputs and the outputs of an ED model are not avail-
able in closed-forms.

The Monte Carlo samples can be used to estimate distributional
functions such as PDFs, cumulative probability distributions, relia-
bility functions, and summary measures such the mean, standard

deviation, median, percentiles, prediction intervals, correlation
coefficients, and scatter plots. The algorithm is capable of
generating a large number of samples, M, such that by the Law of
Large Numbers, the distributions of, PED(t) = (PED,1(t), . . . , PED,N(t)),
OCED(t), and PED,L(t) can be reliably estimated. The estimates of the
entire distributions of the optimal outputs allow distributional
comparison in their entirety such as stochastic ordering [24]
defined in Appendix A and illustrated in the next section.

Illustration of S-ED algorithm

This section illustrates the implementation and results of the
S-ED algorithm for a wind-penetrated system consisting of one
wind farm, and N = 3 fossil fuel power generators for PD = 210 MW
power demand.

Wind speed simulation model

For simulating wind speed data, we assume that a forecast,
Wf(t), for the target time t is available. (Developing the forecast is
beyond the scope of this paper and we refer the reader to [25–
30].) We assume that Wf(t) is a non-stochastic function of t, which
provides the most likely wind speed for the target time. That is,
Wf(t) is the mode of the wind speed PDF fW(t). This assumption cor-
responds to assuming that the actual wind speed of the target time
will be Wf(t) subject to a random error whose most likely value is
zero. The following model combines the available forecast and the
error:

WðtÞ ¼ Wf ðtÞ þmðtÞe: ð5Þ
where e is a random variable with probability distribution Fe and m
(t) > 0 is a tuning parameter for determining the scale of the wind
speed distribution FW(t) such that Wf(t) is the mode of fW(t) and
the mode of fe is at zero. Note that m(t) is the ratio of the scale
parameters of the wind speed and error distributions.

Model Eq. (5) implies that fW(t) has the same shape parameter as
fe, but its mode and scale are different from those for fe. For exam-
ple, in forecasting literature it is common to assume that the error
distribution Fe is normal [5]. For such models, the mean and the
median of the error distribution are also zero, the wind speed dis-
tribution is normal with the mean and median equal to Wf(t), and
the standard deviation equal to the scale parameter, rW(t) =m(t)re.
However, in the power literature, often it is assumed that the wind
speed distribution is a Weibull [23,31–33]. For the Weibull model
with mode, Wf(t), the mean, median, and the mode are different,
and the corresponding error distribution is a three-parameter
Weibull distribution with the following PDF:

f ðeÞ ¼ k
c

e� s
c

� �k�1
e�

e�s
cð Þk ; e P s; c > 0; k > 0; ð6Þ

where k is the shape parameter, c is the scale parameter, and s is
referred to as the threshold parameter [34].

The two-parameter Weibull PDF for the wind speed is found by
Eqs. (5) and (6) with s = 0, the shape parameter k, and the scale
parameter cW(t) =m(t)c. Using the formula for the mode of the
Weibull distribution relates the model parameters as follows:

Wf ðtÞ ¼ cWðtÞ ¼ mðtÞc k� 1
k

� �1
k

; k > 1: ð7Þ

The forecast Wf(t) induces the dynamic of time into mode and
scale of the wind speed distribution, hence FW(t) is time-variant.
The error distribution does not depend on the specific forecast
for time t. Model Eq. (5) enables us to simulate the wind speed
of the target planning time Wh(t), h = 1, . . . , M through the static
distribution Fe instead of the time-variant distribution Fw(t).
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