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We study the problem of determining the probability that m
vectors selected uniformly at random from the intersection of
the full-rank lattice Λ in Rn and the window [0, B)n generate Λ

when B is chosen to be appropriately large. This problem plays
an important role in the analysis of the success probability of
quantum algorithms for solving the Discrete Logarithm Problem in
infrastructures obtained from number fields and also for computing
fundamental units of number fields.
We provide the first complete and rigorous proof that 2n + 1
vectors suffice to generate Λ with constant probability (provided
that B is chosen to be sufficiently large in terms of n and the
covering radius of Λ and the last n + 1 vectors are sampled from a
slightly larger window). Based on extensive computer simulations,
we conjecture that only n + 1 vectors sampled from one window
suffice to generate Λ with constant success probability. If this
conjecture is true, then a significantly better success probability of
the above quantum algorithms can be guaranteed.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Let G be a finite group. Denote by pm(G) the probability that m elements drawn uniformly at ran-
dom from G with replacement generate G . The problem of determining or bounding this probability
is of fundamental interest in group theory and has been extensively studied for various families of
groups (Acciaro, 1996; Pomerance, 2001).
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The purpose of this paper is to study a very natural generalization of this problem from finite
abelian groups to finitely generated abelian torsion-free groups. More precisely, we consider the case
of lattices, i.e., discrete subgroups of Rn . The problem is now to determine the probability that m
vectors selected uniformly at random with replacement from the intersection of the full-rank lattice
Λ in Rn and a window X ⊂ Rn generate Λ. We denote this probability by pm(Λ, X).

Our study of this problem was initially motivated by its relevance to quantum algorithms and
quantum cryptanalysis, which we explain in more detail at the end of the paper. But we also believe
that this problem is interesting on its own due to its appeal as a very natural and fundamental
problem in lattice theory. In fact, it can be viewed as a generalization of the following elementary
problem in number theory. For Λ = Z and X = [1, B], the probability pm(Λ, X) corresponds to the
probability that m integers chosen uniformly at random from the set {1, . . . , B} with replacement are
coprime. It is known that limB→∞ pm(Z, B) = 1/ζ(m) where ζ denotes the Riemann zeta function.
For Λ = Zn and X , the probability pm(Λ, X) is equal to the probability that the m × n matrix whose
column vectors are selected uniformly at random from Λ∩ X is unimodular. This problem was studied
for special forms of X asymptotically. For X = [−B, B]n , B → ∞, it was studied by Maze et al. (2011),
and for X = v + [−B, B]n , B → ∞, where the entries of the vector v are bounded polynomially in
terms of B , by Elizalde and Woods (2007). In both cases, it was shown that the limit of the probability
for B → ∞ is

∏m
j=m−n+1 ζ( j)−1. Both works did not study the problem of bounding the probability

in the non-asymptotic case, i.e., in the case where B is fixed.
In this paper, we consider the case where Λ is an arbitrary full-rank lattice and X = [0, B)n for

a sufficiently large but fixed B . Ideally, we want to minimize m, while at the same time ensure
that the probability pm(Λ, [0, B))n is bounded from below by a nonzero constant. We use ν(Λ) to
denote the covering radius of Λ, λ1(Λ) the length of a shortest (nonzero) vector of Λ, and det(Λ)

the determinant of Λ.
Our two major contributions to the study of this problem are:

Theorem 1.1. Let Λ be a lattice of full rank in Rn, and assume that B � 8nn/2 · ν(Λ) and B1 � 8n2(n + 1)B.
Assume that n vectors are selected uniformly at random from Λ ∩ [0, B)n and n + 1 vectors uniformly at
random from Λ ∩ [0, B1)

n. If the vectors are sampled independently, then the probability that all these vectors
generate Λ is at least

αn :=
(

n+1∏
i=2

ζ(i)−1 − 1

4

)
·

n−1∏
k=0

(
1 − nk/2 (4nn/2 + 1)k

(4nn/2 − 1)n

)
� 0.092.

Unfortunately, our current approach requires m = 2n + 1 samples and two windows of different
sizes to be able to prove that the probability of generating the lattice Λ is bounded from below
by a nonzero constant. However, based on extensive numerical evidence, we formulate the following
conjecture, which states that only m = n + 1 samples and only one window size suffice to attain a
constant probability of generating the lattice.

Conjecture 1.2. For every n ∈ N, there exists a constant 0 < cn < 1 and a rational function fn ∈ R(x, y)

satisfying

∀x0 > 0, ∀y0 ∈ (
0, x1/n

0

]: sup
{

fn(x, y)
∣∣ 0 < x � x0, y0 � y � x1/n} < ∞

such that the following holds:
Let Λ be a lattice in Rn and let B > fn(det Λ,λ1(Λ)). Then the probability that n + 1 vectors chosen

uniformly at random from Λ ∩ [0, B)n generate the lattice Λ is at least cn. Moreover, the constant cn can be
chosen close to

∏n+1
k=2 ζ(k)−1 .

2. Solving the lattice generation problem

We break down the lattice generation problem into two subproblems. First, we consider the prob-
ability that n vectors sampled uniformly at random from Λ generate a sublattice Λ1 of full rank, i.e.
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