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The construction of cyclic codes can be generalized to so-called
“module θ-codes” using noncommutative polynomials. The product
of the generator polynomial g of a self-dual “module θ-code” and
its “skew reciprocal polynomial” is known to be a noncommutative
polynomial of the form Xn − a, reducing the problem of the
computation of all such codes to the resolution of a polynomial
system where the unknowns are the coefficients of g. We show
that a must be ±1 and that over F4 for n = 2s the factorization
of the generator g of a self-dual θ-cyclic code has some rigidity
properties which explains the small number of self-dual θ-cyclic
codes with length n = 2s . In the case θ of order two, we present
a construction of self-dual codes, based on the least common
multiples of noncommutative polynomials, that allows to reduce
the computation to polynomial systems of smaller sizes than the
original one. We use this approach to construct a [78,39,19]4 self-
dual code and a [52,26,17]9 self-dual code which improve the
best previously known minimal distances for these lengths.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

For a finite field Fq and θ an automorphism of Fq we consider the ring R = Fq[X; θ] = {an Xn +
· · · + a1 X + a0 | ai ∈ Fq and n ∈ N} where addition is defined to be the usual addition of polynomials
and where multiplication is defined by the basic rule X · a = θ(a)X (a ∈ Fq), extended to all elements
of R by associativity and distributivity. The noncommutative ring R is called a skew polynomial ring or
Ore ring (cf. Ore, 1933b) and its elements are skew polynomials. It is a left and right Euclidean ring
whose left and right ideals are principal. Left and right gcds and lcms exist in R and can be computed
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using the left and right Euclidean algorithm. Over finite fields skew polynomial rings are also known
as linearized polynomials (cf. Ore, 1933a; Lidl and Niederreiter, 1983). Following Boucher and Ulmer
(2009a) we define module θ -codes using the skew polynomial ring R .

Definition 1. A module θ -code (or module skew code) C is a left R-submodule Rg/R f ⊂ R/R f in the
basis 1, X, . . . , Xn−1 where g ∈ R = Fq[X; θ] and f is a left multiple of g in R of degree n. We denote
this code C = (g)θn . If there exists an a ∈ Fq \ {0} such that g divides Xn − a on the right, then the
code (g)θn is θ -constacyclic. We will denote it (g)

θ,a
n . If a = 1, the code is θ -cyclic and if a = −1, it is

θ -negacyclic.

The length of the code is n and its dimension is k = n − deg(g), we say that the code C is of type
[n,k]q . If the minimal distance of the code is d, then we say that the code C is of type [n,k,d]q . As
in the commutative case we identify a codeword in the Fq-vector space R/R f of dimension n with
the list of coefficients of a skew polynomial of degree < n which is a left multiple of g . The code
C = Rg/R f ⊂ R/R f is the set of left multiples of g of degree < n and therefore depends only on g
and n. For g = ∑n−k

i=0 gi Xi , the generator matrix of the module θ -code (g)θn is given by

Gθ
g,n =

⎛
⎜⎜⎜⎜⎝

g0 . . . gn−k−1 gn−k 0 . . . 0
0 θ(g0) . . . θ(gn−k−1) θ(gn−k) . . . 0

0
. . .

. . .
. . .

. . .
. . .

...

0
0 . . . 0 θk−1(g0) . . . θk−1(gn−k−1) θk−1(gn−k)

⎞
⎟⎟⎟⎟⎠ (1)

showing that distinct generator polynomials correspond to distinct generator matrices. On the other
hand, a skew polynomial f , that can be used to define C as Rg/R f , gives informations on the prop-
erties of the code. For example, for a θ -constacyclic code (g)

θ,a
n , where one can choose f = Xn − a,

we have

(c0, . . . , cn−1) ∈ (g)θ,a
n ⇒ (

aθ(cn−1), θ(c0), . . . , θ(cn−2)
) ∈ (g)θ,a

n .

Since Fq[X; θ] is not a unique factorization ring, we obtain much more codes that are θ -constacyclic,
using the noncommutative approach, than constacyclic codes in the commutative case. Module
θ -codes are a generalization of Gabidulin codes (cf. Gabidulin, 1985) based on linearized polynomials.

Example 2. For F4 = F2(a) where a2 + a + 1 = 0 and θ the Frobenius automorphism α �→ α2 the
skew polynomial X2 + 1 admits three distinct decompositions as products of irreducible polynomials
in F4[X; θ]

X2 + 1 = (
X + a2)(X + a) = (X + a)

(
X + a2) = (X + 1)(X + 1). (2)

The polynomials X4 + 1, X6 + 1 and X8 + 1 admit respectively 15, 90 and 543 distinct decompo-
sitions as products of irreducible polynomials in F4[X; θ] (counting the number of factorizations is
considered in von zur Gathen et al., 2010).

In previous work many self-dual module θ -codes with good minimum distances were obtained,
sometimes even improving the previously best known minimal distances. However, as in the case
of cyclic codes (Jia et al., 2011), there is a phenomena for the module θ -codes whose lengths are a
power of 2. For the lengths 4, 8, 16, 32 and 64 there are only three self-dual module θ -codes over F4,
while otherwise there is a large number of self-dual codes which increases with the length. The
authors conjectured that for any s there are only three self-dual module θ -codes of length 2s over F4
(Boucher and Ulmer 2009a, 2011). The aim of this paper is to use the factorization properties of skew
polynomials to count self-dual module θ -codes of length 2s over F4 and to construct self-dual module
θ -codes when θ is of order two. The material is organized as follows:
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