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We describe a general algorithm for the computation of Galois 
groups of polynomials over global fields from the point of view 
of using it to compute Galois groups of polynomials over function 
fields with prime characteristic, including characteristic 2 in which 
some invariants which are efficient to use in other characteristics 
are invariant for too large a group. We state new invariants for 
most of these situations when the characteristic is 2. We also 
describe the use of this algorithm for computing Galois groups of 
reducible polynomials over both number fields and function fields.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

There are a number of algorithms available for computing Galois groups and some of these al-
gorithms have been known for some time. Chronologically each algorithm published has increased 
the degrees of the polynomials it accepts as input. A limitation on degrees has been due to the use 
of tabulated information. Geißler (2003) provides an algorithm for Galois groups of polynomials of 
degree at most 23 over Q and k(t). This was the most recent work on algorithms for Galois groups 
when Fieker and Klüners (2014) developed their algorithm for Galois groups of polynomials. Unlike 
most previous algorithms the algorithm of Fieker and Klüners (2014) is not degree restricted (Hulpke, 
1999, is not degree restricted either, however, it usually cannot determine the Galois group uniquely), 
and it can compute the Galois group of any polynomial over any algebraic number field or algebraic 
function field (including of course Q and k(t) for k = Fq, Q). It has been implemented in Magma
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(Cannon et al., 2010) V2.13 for polynomials over Q and in V2.14 for polynomials over number fields 
and Q(t).

We describe here the algorithm of Fieker and Klüners (2014) which we have implemented in
Magma (Cannon et al., 2010) for polynomials over Fq(t) (V2.16) and global algebraic function fields 
(simple extensions of Fq(t)) (V2.17). This is the first implementation, of which we know, of an algo-
rithm for computing Galois groups over global function fields which is not restricted by the degree 
of the polynomial. It is also the first algorithm (that we know of) which uses the computation of 
subfields (and in particular the generating subfields as introduced by van Hoeij et al., 2011) of global 
function fields in calculating the Galois group. This algorithm is based on Stauduhar (1973).

A particular difficulty in generalizing (Fieker and Klüners, 2014) is that the invariants they provide 
for some groups G and H are Sn-invariant when the characteristic is 2 and so are never G-relative 
H-invariants (Definition 2). For such groups G and H we state in this paper (Section 3.5) some new 
polynomials which are G-relative H-invariant when the characteristic is 2. These invariants are a key 
part of the paper.

We will first give an overall view of the algorithm and then expand on the details from the point 
of view of using this algorithm to compute Galois groups of polynomials over global function fields. 
We also mention how this algorithm can be used to compute Galois groups of reducible polynomials 
over algebraic number fields and global algebraic function fields.

We begin with some definitions.

Definition 1. The Galois group, Gal( f ), of a polynomial f over a field F is the automorphism group of 
S f /F where S f is the splitting field of f over F .

When f is irreducible over F and of degree n we compute Galois groups as transitive subgroups 
of Sn .

Invariants and resolvents are an important part of our algorithm. We define invariants and resol-
vents here and discuss the uses of the different types later. Let R be a commutative unitary domain 
and I(x1, . . . xn) ∈ R[x1, . . . xn]. A permutation τ ∈ Sn acts on I by permuting x1 . . . , xn and we write 
Iτ for this action.

Definition 2. A polynomial I(x1, . . . , xn) ∈ R[x1, . . . , xn] such that Iτ = I for all τ ∈ H for some group 
H ⊆ Sn is said to be H-invariant.

An H-invariant polynomial I(x1, . . . , xn) ∈ R[x1, . . . , xn] is a G-relative H-invariant polynomial if 
Iτ �= I for all τ ∈ G \ H, H ⊂ G ⊆ Sn , that is, for the stabilizer in G we have StabG I = H .

For a G-relative H-invariant polynomial I we can compute a G-relative H-invariant resolvent poly-
nomial

Q (G,H)(y) =
∏

τ∈G//H

(
y − Iτ (x1, . . . , xn)

)
,

where G//H denotes a system of representatives for the right cosets Hτ of G/H . If G = Sn then we 
call Q an absolute resolvent, otherwise we call Q a relative resolvent.

An Sn-relative H-invariant is a G-relative H-invariant and a G-relative H-invariant is an
H-invariant but the converse is not always true.

We recall the definition of a block system as found in Geißler and Klüners (2000, Definition 2.14), 
as it is crucial to the definition of a number of our special invariants.

Definition 3. Let G be a transitive permutation group acting on a finite set Ω . A subset ∅ �= � ⊂ Ω is 
called a block if � ∩�σ ∈ {∅, �} for all σ ∈ G . The orbit of a block � under G is called a block system.

The blocks we use will be subsets of Ω = {roots of f }. A block system of a group G is a block 
system for the transitive subgroups of G but the converse does not always hold.
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