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a b s t r a c t

In this paper, we define and study the weak transitivity of interval-valued fuzzy relations (IVFRs). We
propose the weak transitivity index (WTI) to measure the transitivity consistency degree of an IVFR,
which is to count the cycles of length 3 in the digraph. Afterwards, an algorithm is proposed to compute
the WTI and to locate each cycle, as well as to find the inconsistent judgments in an IVFR. In order to
resolve the intransitivities of an IVFR, another algorithm is developed to find and remove all the 3-cycles
in the digraph. Our method can not only repair the weak intransitivity for an IVFR, but also preserve the
initial preference information as much as possible. Finally, two examples are shown to illustrate the
proposed method.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Interval-valued fuzzy set (IVFS) theory [23] is an extension of
fuzzy theory. The membership degree of each element on an IVFS
is defined on a closed subinterval of [0,1]. IVFSs have been used
in a number of different fields: image processing [34], interval-
valued logic [35,36], approximate reasoning [4,7,23] and so on.

Transitivity is a fundamental notion in decision theory. It is
most universally assumed in disciplines of decision theory and
generally accepted in a principle of rationality. Yet, it is often vio-
lated in actual choice, particularly in pairwise choices. A first task
for decision science is thus the resolution of intransitivities [27].
The weak transitivity is the usual transitivity condition that a
logical and consistent person should use if he/she does not want
to express inconsistent opinions, and therefore it is the minimum
requirement condition that a consistent fuzzy preference relation
should verify [31]. Weak transitivity is in fact acyclic about the
alternatives ranking, i.e., if an alternative A is preferred or equiva-
lent to B, and B is preferred or equivalent to C, then A must be
preferred or equivalent to C. The transitivity assumption can be
used to check for the judgment consistency of a decision maker
(DM). If a DM provides a preference relation does not possess
transitivity (i.e., inconsistency problems exist), the ranking result
of alternatives is misleading [25,26,29].

Transitivity of a fuzzy preference relation has been received
greatly attention in the past decades [2,3,9–16,18,20,28,29],
such as weak transitivity (or called weak stochastic transitivity)
[8,15,16,18,31,32,40,41], max–min transitivity [19,25,31,33,37],
max-max transitivity [25,31], restricted max–min transitivity
(or moderate stochastic transitivity) [8,15,16,25,31–33,37],
restricted max-max transitivity (or strong stochastic transitivity)
[8,15,16,18,25,31,32], multiplicative consistency [8,25] and
additive consistency [8,25]. It should be pointed out that, strictly
speaking, additive consistency is not a type of transitivity [17].
Gonzales-del-Campo et al. [22] proposed an algorithm to compute
the transitive closure for an IVFR. IVFRs are also common fuzzy
relations which experts express their comparison information for
alternatives. The comparison information are not exact numerical
values but interval numbers. Thus, the transitivity is also an impor-
tant problem for IVFRs. However, little work has been done on the
transitivity problem of IVFRs. Therefore, it is important to pay
attention to this problem. This is the subject of the present paper.

In this paper, we give a definition of the weak transitivity for
IVFRs. We propose the weak transitivity index (WTI) to measure
the consistency degree of an IVFR, which is to count the 3-cyles
in the digraph. A procedure is proposed to compute the WTI and
locate each cycle, as well as to find the inconsistent judgments in
an IVFR. If an IVFR is not weakly transitive, another algorithm is
developed to find and remove all the 3-cycles in the digraph.
Moreover, our improving method can preserve the initial prefer-
ence information as much as possible.

The rest of the paper is set out as follows. Section 2 gives the
basic concepts related to IVFSs. We give the definition of weak
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transitivity for an IVFR. Section 3 proposes a procedure to judge
whether an IVFR is weakly transitive, as well as to find the
inconsistent judgments in an IVFR. Section 4 develops a method
to repairing the intransitivities for an IVFR. Section 5, two
examples are illustrated to show the effectiveness and validity of
the proposed methods. The conclusions, some characteristics and
advantages of the proposed methods and future research are
presented in Section 6.

2. Preliminaries

In the following, we introduce some basic concepts related to
interval-valued fuzzy sets.

Definition 1. Let Y be a universe of discourse, then a fuzzy set:

A ¼ fhy;lAðyÞijy 2 Yg ð1Þ

defined by Zadeh [45] is characterized by a membership function:
lA:Y ? [0,1], where lA(y) denotes the degree of membership of
the element y to the set A.

We will denote with L([0,1]) the set of all closed subintervals of
the closed interval [0,1]. That is,

Lð½0;1�Þ ¼ fx ¼ ½x�; xþ�jðx�; xþÞ 2 ½0;1�2 and x� 6 xþg

Definition 2 [5]. An interval-valued fuzzy set (IVFS) A, on the uni-
verse U – ;, is a set such that

A ¼ fðu;AðuÞ ¼ ½A�ðuÞ;AþðuÞ�Þju 2 Ug ð2Þ

where the function A: U ? L([0,1]) is called the membership
function.

For convenience, we call a = [a�,a+] an interval-valued fuzzy
value (IVFV), where a� 2 [0,1], a+ 2 [0,1], a� 6 a+. Based on the
concepts of score function and accuracy degree of intuitionistic
fuzzy values, in the following, we define the corresponding
concepts for IVFVs, which are used to compare two IVFVs.

Definition 3. Let a = [a�,a+] be an IVFV, where a� 2 [0,1],
a+ 2 [0,1], a� 6 a+. The score of a can be evaluated by the score
function s shown as

sðaÞ ¼ a� þ aþ � 1 ð3Þ

where s(a) 2 [�1,1]. The larger the score s(a), the greater the IVFV a.
An accuracy function h to evaluate the degree of accuracy of a

can be expressed as:

hðaÞ ¼ a� þ 1� aþ ð4Þ

where h(a) 2 [0,1]. The lager the value of h(a), the more the degree
of accuracy of a.

Definition 4. Let a = [a�,a+], b = [b�,b+] be two IVFVs, s(a) = a�

+ a+ � 1 and s(b) = b� + b+ � 1 be the scores of a and b, respectively,
and let h(a) = a� + 1 � a+ and h(b) = b� + 1 � b+ be the accuracy
degrees of a and b, respectively, then

� If s(a) < s(b), then a is smaller than b, denoted by a < b.
� If s(a) = s(b), then

(1) If h(a) = h(b), then a and b represent the same information,
denoted by a = b.

(2) If h(a) < h(b), then a is smaller than b, denoted by a < b.

For a decision making problem, let X = {x1, x2, . . . , xn} be a discrete
set of alternatives. In the process of decision making, a DM

generally needs to provide his/her preferences for each pair of alter-
natives, and perhaps it is possible that he/she is not so sure about it.
Thus, it is very suitable to express the DM’s preference values with
IVFVs rather than exact numerical values, and then constructs an
interval-valued fuzzy relation (IVFR), which can be defined as
follows.

Definition 5 [43]. An IVFR R on the set X is represented by a
matrix R = (rij)n�n � X � X, where

rij¼ r�ij ; rþij
h i

; rji¼ r�ji ; rþji
h i

; r�ij þ rþji ¼ rþij þ r�ji ¼1; rþij P r�ij P 0;

rii¼ ½0:5;0:5�; for all i; j¼1;2; . . . ;n

ð5Þ

rij is interpreted as the preference degree of the alternative xi over
xj: (1) rij = [0.5,0.5] (i.e. r�ij ¼ rþij ¼ 0:5) denotes indifference between
xi and xj (xi � xj); (2) [0.5,0.5] < rij 6 [1,1] denotes xi is strictly pre-
ferred to xj(xi � xj). Especially, rij = [1,1] denotes that xi is definitely
preferred to xj; (3) [0,0] 6 rij < [0.5,0.5] denotes that xj is strictly
preferred to xi(xj � xi). Especially, rij = [0,0] denotes that xj is defi-
nitely preferred to xi.

In the following, we define the weak transitivity for IVFRs.

Definition 6. Let R = (rij)n�n be an IVFR, where rij ¼ r�ij ; r
þ
ij

h i
;

i; j ¼ 1;2; . . . ;n, for all i, j, k = 1, 2, . . . , n, i – j–k

(1) if rik > [0.5,0.5] and rkj P [0.5,0.5], we have rij > [0.5,0.5];
(2) if rik P [0.5,0.5] and rkj > [0.5,0.5], we have rij > [0.5,0.5];
(3) if rik = [0.5,0.5] and rkj = [0.5,0.5], we have rij = [0.5,0.5].

then R is weakly transitive.

Definition 7. Let R = (rij)n�n be an IVFR, where rij ¼ r�ij ; r
þ
ij

h i
;

i; j ¼ 1;2; . . . ;n, for all i, j, k = 1, 2, . . . , n, i – j – k, if rik > [0.5,0.5],
rkj > [0.5,0.5], we have rij > [0.5,0.5], then R is strict weakly
transitive.

In the following, we will discuss the weak transitivity of the
IVFR from the graph theory point of view. Some basic theory of
digraph is presented as follows.

Definition 8. Let R = (rij)n�n be an IVFR, where rij ¼ r�ij ; r
þ
ij

h i
;

i; j ¼ 1;2; . . . ;n, we define the adjacency matrix E = (eij)n�n of R as
follows:

eij ¼
1; rij P ½0:5;0:5�; i – j

0; otherwise

�
ð6Þ

Let R = (rij)n�n be an IVFR, we can construct the digraph G = (V,A) of
R, where V = {v1, v2, . . . , vn} denotes the node set, A = {(vi,vj)ji – j, rij

P [0.5,0.5]} denotes the arc set. That is, if i – j, rij > [0.5,0.5], then
there is a directed arc in G from vi to vj, it is denoted by (vi,vj) or
vi ? vj. rij is called the weight of the arc (vi,vj). Therefore, if
rij = [0.5,0.5] (i – j), then there is an arc from vi to vj, and also an
arc from vj to vi. A directed path q in a graph G is a sequence of arcs
v i1 ;v i2 ;v i3 ; . . . :. in G, where the nodes v ik are different. The length of
a directed path is the number of successive arcs in the directed path.
A cycle is a directed path that begins and ends at the same node.

Proposition 1. Let R = (rij)n�n be an IVFR, then there exists a directed
path q of length n � 1 in the digraph G of R.
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