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Selecting the best alternative in a group decision making is a subject of many recent studies. The most
popular method proposed for ranking the alternatives is based on the distance of each alternative to
the ideal alternative. The ideal alternative may never exist; hence the ranking results are biased to the
ideal point. The main aim in this study is to calculate a fuzzy ideal point that is more realistic to the crisp
ideal point. On the other hand, recently Data Envelopment Analysis (DEA) is used to find the optimum
weights for ranking the alternatives. This paper proposes a four stage approach based on DEA in the Fuzzy
environment to aggregate preference rankings. An application of preferential voting system shows how
the new model can be applied to rank a set of alternatives. Other two examples indicate the priority of the
proposed method compared to the some other suggested methods.

Crown Copyright © 2010 Published by Elsevier B.V. All rights reserved.

1. Introduction

In the preference voting systems the aim is to select m alterna-
tives from a set of n alternatives (n > m). Hence each expert ranks
the alternatives from the most preferred (rank = 1) to the least pre-
ferred (rank =n). Obviously due to different opinions of the ex-
perts, each alternative may be placed in a different ranking
position. Some studies suggest a simple aggregation method by
finding the total score of each alternative as the weighted sum of
the votes that each alternative receive by different experts. In this
method, the best alternative is the one with the largest total score.
The key issue of the preference aggregation is how to determine
the weights associated with different ranking positions. Perhaps,
Borda-Kendall method [15] is the most commonly used approach
for determining the weights due to its computational simplicity.

In recent years, researchers have used Data Envelopment Anal-
ysis (DEA) [5,8,12,24] to rank the alternatives [1,6,7]. In the com-
mon DEA models, the objective is to determine technical
efficiency while Cook and Kress [7] developed a DEA model for
aggregating preferential votes. This approach proves to be effec-
tive, but sometimes there are more than one efficient DMU (Deci-
sion Making Unit), so the model is not able to discriminate the rank
of some candidates. For this, Green et al. [13] suggest a method
based on cross-efficiency evaluation to discriminate the candi-
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dates’ rank (see also Noguchi et al. [19]). Hashimoto [14] uses sup-
per efficiency DEA model [2] for ranking efficient DMUs in the Cook
and Kress’s model while Obata and Inguishi [20] proposed a nor-
malized scoring vectors to distinguish the candidates’ rank (see
also Wang et al. [24]). Llamazares and Pena [17] reviewed some
of these models (see also [13,14,20]).

Other attempts have been done using fuzzy multi-attribute
[3,4,9] and fuzzy clustering methodology with ordered weighted
averaging operator [4,11,16] and integrated multi-objective mod-
eling with fuzzy multi-attributive group [18,21,23] for similar
problem in group decision making.

The aim of this paper is first to obtain the ideal solution by solving
a single fuzzy linear programming problem. Second, we develop a
weighting method using optimization technique to find the best
weights for selecting the most favorable alternative. The weights
then can be used to define a social function that can fairly solve a
voting problem. This paper suggests a four stage approach; Stage 1
proposes a fuzzy membership function for ranking a set of alterna-
tives to find the ideal alternative. Stage 2 utilizes fuzzy DEA to attain
the ideal solution. In Stage 3, the weights are investigated by model-
ing subjective evaluation with comparative judgments. Finally,
Stage 4 proposes a method to aggregate the final results to single
aggregated score. This score is used for ranking alternatives.

The rest of this paper is organized as follows. In Section 2 some
general definitions and discussion of DEA and Fuzzy DEA is given.
The proposed method is presented in Section 3. Section 4 illus-
trates the new method with three applications. Conclusions are gi-
ven in Section 4.
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2. Background, DEA under fuzzy environment
2.1. Fuzzy numbers
Let us start with some definitions.

Definition 1. A fuzzy number X is a convex normalized fuzzy set x
of the real line R such that

1. There exists exactly one x™ € R that u,(x™) = 1 (x™ is called the
mean value of x).
2. pg(x) is a piecewise continuous function.

We use the definition of fuzzy numbers as in Dubois and Prade [10].

Definition 2. A fuzzy number x is of LR-type if there exist refer-
ence functions L (for left), R (for right), and « > 0, > 0 such that

e (X) = { L(X)'?"f—xil) for X! <x < xm

R(Z=E)  for xm <X < x¢

Xi_xm

x™, called the mean value of %, is a real number, and o = x™ — x and
B=x"— x™ are called the left and right spreads, respectively, x' and
x" are the lower bound and the upper bound of the interval of fuzzy
number as shown in Fig. 1. Symbolically, ¥ is denoted by (x™, «, B)ir
or (m, o, B)ir. If X is a symmetric triangular fuzzy number, we have
R(x) = L(x) = x. Hence, the fuzzy number corresponding to Fig. 2 is
denoted by (m, o, 0);x.

2.2. DEA and fuzzy DEA

Data Envelopment Analysis (DEA) as introduced by Charnes
et al. [5] (CCR) is a non-parametric performance assessment meth-
odology to measure the relative efficiency of a set of homogeneous
Decision Making Units (DMUs) such as bank branches, hospitals,
which consume one or more inputs to produce one or more outputs.

In mathematical terms, consider a set of n DMUs, in which
Xxii=1,2,...,m) and y,(r=1,2,...,s) are inputs and outputs of
DMU; (j=1,2,...,n). A standard DEA model for assessing DMU,
is formulated in Model (1) and a DEA model with non-radial mea-
sure as suggested in [13,22] is a given in Model (2). In Model (1),
the 4(j=1,2,...,n) are the raw weights assigned to the peer
DMUs when solving the DEA model, 6, measures the efficiency of
DMU, with input values x;,(i=1,2,...,m) and output values
Yip(r=1,2,...,5). The optimal value (0,) demonstrates the relative
efficiency score related to DMU,,. In this model DMU,, is efficient if
0, = 1. In Model (2) w, is a free variable which measures the effi-
ciency of DMU,. However, in real applications, data are not often
deterministic, so traditional DEA cannot be used for such problems.

Model 1: DEA, a standard
CCR model

Model 2: DEA, a non-radial
measure

min 0,
n min W, =w,+1
s.t. Z ),inj < Hij Vi n
= St Y X <Xp+w, Vi
=

n
Z;ﬁ’rj >Yp I

n
= > iy =YWy VT
>0 Vj =1
0 free >0 Vj
w, free

x! xm o x¢

Fig. 1. A triangular fuzzy number.

For this, the non-radial DEA in Model (2) is developed to a model
with fuzzy coefficients as formulated in Model (3).
Model 3: DEA, a non-radial measure with fuzzy coefficients

min W,=w, +1

n
s.t. Z Ajfc,»j < )~(,‘p +Wwy Vi
=

n
Z;“jyrj Zjlrp - Wp vr
j=1
4>0 Vj
w free

where “~” indicates the fuzziness.

In the rest of this paper we adopt Model (3) as a base for our
methodology since this model is a linear programming problem
while a standard Fuzzy CCR model will lead to a nonlinear pro-
gramming problem.

2.3. Cook and Kress method

Cook and Kress [7] proposed a method based on DEA to aggre-
gate the votes from a preferential ballot. For this purpose, they
used the following DEA model with no input, while outputs are
number of first place votes, second place votes and so on, where
v(i=1,2,...,m; j=1,2,...,n) is the number of jth place votes
of the candidate i and u; is the weight of rank j calculated by Model
(4). Itis clear that u; > uj.4, so the extra constraint u; — ujq > d(j, €)
indicates how much vote i + 1 is preferred to vote i. The notation
d(j, €) is a function which is non-decreasing in ¢ and is referred
to as a discrimination intensity function (see [7]). Model (4) is
solved for each candidatei=1,2,..., m.

Model 4: Cook and Kress model

n
max > u;vy,
=

n
s.t. Zujvijgl i=1,2,....m
=

u—uiq >dg,e) j=12,...,n-1
Uy > d(n, )

Furthermore, Cook and Kress [7] proposed a model to maximize dis-
crimination variable € (see also Llamazares and Pena [17]). Hashim-
oto [14] proposed a similar model except that they consider d(j,
g)=¢forall j=1,2,...,n They assumed that € is small enough to
guarantee a decreasing sequence of weights and to avoid the solu-
tion of the model depending on the discrimination intensity func-
tions. In addition, they added the constraints u; — 2uj.q + Ujsp = 0,
j=1,2,...,n—2 to Cook and Kress model in order to discriminate
the efficient candidates.
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