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0. Introduction

0.1. Overview of the problem

In this article we generalize two methods to solve systems of polynomial equations using a coeffi-
cient matrix. One method is based on the eigenvalue theorem, first noticed in Lazard (1981). Another,
on the eigenvector theorem, first described in Auzinger and Stetter (1988). Let us start describing
them.

For simplicity, consider a generic system of n polynomial equations with finitely many solutions
in C", all with multiplicity one,
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f](X],...,Xn) =0

fanX1,....%1) =0

where f1,..., f; are polynomials in C[x1, ..., x,]. The quotient ring,

R:(C[X]ﬁ"'axn]/<f]a"'7fﬂ)»

is a finite-dimensional vector space and its dimension is the number of solutions (we are assuming
that all the solutions have multiplicity one).
Every polynomial f € C[x1,...,Xy], determines a linear map My : R — R,

M) =fg, geClxi,....xl,
where g denotes the class of the polynomial g in the quotient ring R. The matrix of M is called the

multiplication matrix associated to the polynomial f.

Theorem (Eigenvalue Theorem). The eigenvalues of My are {f(&1), ..., f(&)}, where {&1,...,&} are the
solutions of the system of polynomial equations. See Dickenstein and Emiris (2005, Theorem 2.1.4) for a proof.

Theorem (Eigenvector Theorem). Let f = a1x1 + ... + anXy be a generic linear form and let My be its
multiplication matrix. Assume that B = {1, x1, ..., X, ...} is a finite basis of R formed by monomials. Then
the left eigenvectors of My determine all the solutions of the system of polynomial equations. Specifically, if
v=(vo,..., Vn,...) is aleft eigenvector of My such that vo =1, then (v1, ..., vy) is a solution of the system
of polynomial equations. See Dickenstein and Emiris (2005, §2.1.3) for a proof.

Now, let us describe the construction of the coefficient matrix (also in the case of polynomial
equations).
Letd=d; +...+d; —n+ 1, where d; =deg(f;), 1 <i<n. Let Sy be the space of polynomials of
degree <d. Consider the following sets of monomials,
Bn={x]"...xy" € Sq: dp < mp}

Bno1={x]"...xg" € Sq\ By : dp—q <my_1}

By ={x]"...xy" € Sq\ By :dy <my}
Bo={x]"...xa" € Sq\ B1}.

Using these sets, we can consider the following linear map,

n
W:(Bo) x ... x (By) > Sg, W(go,.... &) =fo- g0+ Y fi-g.
i=1

where the polynomial fo is a generic linear form and (B;) is the vector space generated by Bj,
0 <i <n. The coefficient matrix M is the matrix of ¥ in the monomial bases By, ..., B,. It is a square
matrix and can be divided into four blocks,

Mi1 M1z
M= .
(le Mzz)

The relation between the coefficient matrix and the multiplication matrix is the following,
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