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a b s t r a c t

The Analytic Hierarchy Process (AHP) has received different fuzzy formulations, where two main lines of
research can be identified in literature. The most popular one refers to the Extent Analysis Method, which
has been subject of recent criticism, among other things, due to a number of misapplications that it may
lead to. The other approach refers to the Logarithmic Least Squares Method (LLSM), which offers a con-
strained optimization approach for estimating fuzzy weights, but fails to generalize the original AHP pro-
posal. The fact remains that the AHP uses linguistic evaluations as input data, where experts value pairs
of alternatives/criteria with words, making it essentially fuzzy under the view that words can be repre-
sented by fuzzy sets for their respective computation. Hence, reasoning with fuzzy logic is justified by the
analytical framework that it offers to design the meaning of words through membership functions and
not assume a direct mapping between words and crisp numbers. In this paper we propose the fuzzy rep-
resentation of linguistic preferences for the AHP, and examine its generalization by means of the fuzzy-
linguistic AHP algorithm.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Decision support methodologies need to take into account the
different aspects or dimensions that are relevant for representing
and solving common real-life problems, where a given set of alter-
natives, criteria or some objects of interest have to be evaluated,
aggregated and exploited in order to identify priorities and arrive
at the most attractive solutions. A popular methodology for estab-
lishing such priorities is Saaty’s Analytic Hierarchy Process (AHP)
[30,34,35]. This technique allows aggregating expert preference
judgments made over pairs of objects, which are gathered under
the form of a comparison matrix. Traditionally, the AHP elicitation
of preferences is based on a valuation scale where one linguistic
label agrees with a crisp value or precise number, while the fuzzy
AHP allows general type of evaluations taking the form of fuzzy
sets.

Two traditional general lines of research can be found in litera-
ture concerning the fuzzy methodology for the AHP (see e.g.
[28,45,46]). On the one hand, the Extent Analysis Method (EAM)
was introduced in 1996 [4], where crisp weights are obtained from
the fuzzy comparison matrix. On the other hand, the logarithmic
least squares method (LLSM) was firstly proposed in 1983 [20],

being later extended and modified (as in [1,45]), estimating fuzzy
weights from the respective fuzzy judgments. For a detailed over-
view on the number of methods found in literature for handling
fuzzy comparison matrices based on the AHP, see [45,46].

Different applications for the traditional fuzzy AHP exist, evalu-
ating expert opinions for arriving at decisions that take into
account the natural complexity and uncertainty of real-world
problems. Many examples on the application of the EAM can be
found in literature (see e.g. [3,12,17,18,36,41]), while fewer exam-
ples can be found for the LLSM approach (see e.g. [19,43]). Despite
its popularity, the EAM has been subject of various criticisms
showing that its misapplication may lead to wrong decisions
[46,50,51], on the contrary to the modified LLSM-AHP model and
its constrained nonlinear optimization model [45] which show
better generalization results.

On the other hand, some criticism has been given to the
unquestioned fuzzification of the AHP [33]. Here, it is acknowl-
edged that the AHP, as it has been originally proposed [30], makes
use of a linguistic valuation scale that enables the use of precise
numbers to handle linguistic terms for comparing pairs of objects
(as it has been pointed out in [11], the selection of a particular scale
is an open problem). For example [24,31,32], consider the tradi-
tional valuation scale with crisp numbers from 1 to 9, where the
numbers {1, 3, 5, 7, 9} respectively agree with the predicates
‘‘not more dominant’’, ‘‘moderately more dominant’’, ‘‘strongly
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more dominant’’, ‘‘very strongly more dominant’’ and ‘‘extremely
more dominant’’, while the numbers in between express compro-
mise between those terms. Hence, the words and predicates that
experts use for making their evaluations are understood by means
of a one-to-one correspondence with crisp numbers, although it
can generally be accepted that linguistic characterizations are less
precise than numerical ones.

The justification for using fuzzy logic jointly with the AHP is
grounded on the use of linguistic assessments for comparing and
valuing the relationship between pairs of objects (see e.g. [5]). In
this sense, based on the Computing with Words paradigm
[21,29,48,49], fuzzy logic allows examining the way in which com-
puting with words can be developed (see e.g. [8,23,47]), while
maintaining the numerical approach of the AHP [30]. Therefore,
the objective of this paper is to examine the AHP and the fuzzy
LLSM-AHP under a general framework for handling linguistic eval-
uations, which are represented by fuzzy sets (or even representing
more complexity, from both a linguistic and computational view-
point, by interval or type-2 fuzzy sets [2,10,39,40]). In this way,
experts can express their evaluations by means of words and nat-
ural language, based on our proposal for fuzzy-linguistic preference
structures, so a priority order can be assigned on the set of objects
according to their estimated fuzzy weights.

In order to do so, this paper is organized as follows. In Section 2,
we review the original AHP and the fuzzy LLSM-AHP proposals. In
Section 3, linguistic-preference structures are used to represent
experts’ evaluations under the AHP approach, focusing on the design
of the linguistic values by means of fuzzy sets. Section 4 introduces
the proposal for decision support based on the linguistic-fuzzy AHP
algorithm, and in Section 5, an ordinal ranking procedure for decision
support is introduced based on the estimated fuzzy weights. We con-
clude with some final comments for future research.

2. AHP and fuzzy LLSM-AHP overview

The AHP offers a solid numerical methodology for decision sup-
port, where objects, such as criteria or alternatives, are compared
in a pairwise manner for estimating their importance through a
vector of decision weights [30,34]. In the following, we review
the AHP original proposal and the fuzzy LLSM approach to the AHP.

2.1. The analytic hierarchy process

Expert knowledge in the AHP [34] is assumed to exist in the
form of crisp numbers, expressing the perception of preference
between pairs of objects/criteria i; j 2 X, where jXj ¼ n. Preferences
are then introduced into a reciprocal square matrix Mn�n, with ele-
ments mij, such that for every i; j 2 X;m�1

ij ¼ mji ¼ 1=mij and mii ¼ 1.
The methodology of the AHP consists in solving the system for

Mw ¼ kmaxw; ð1Þ

where w is the vector of weights establishing the priorities among
criteria and kmax is the largest (principal) eigenvalue of M.

An important aspect of the AHP refers to the estimation of the
consistency of M, i.e., the consistency of the experts’ judgments.
This is done by measuring the deviation of M from its ideal version
M⁄, which occurs when its elements are given by mij ¼ wi=wj. Due
to the fact that the principal eigenvalue of the positive reciprocal
matrix Mn�n is always greater than n, being equal in the case that
M = M⁄ holds, the dissimilarity between kmax and n allows measur-
ing the deviation of M from ideal consistency. Hence, the consis-
tency ratio can be used as an indicator to avoid making decisions
based on totally random, i.e. inconsistent, expert knowledge (a
more detailed presentation of the complete AHP methodology
can be found in [30]).

Stressing the relevant issue for this paper, regarding the repre-
sentation of human expert knowledge, notice that although
experts express their evaluations in linguistic form, such informa-
tion is automatically transformed into numbers without further
analysis, where words are implicitly understood and handled by
crisp/precise numbers. This is the key aspect where fuzzy logic
can become a useful tool for enhancing in a descriptive way the
AHP and its linguistic approach for decision support.

In the following we review the fuzzy LLSM-AHP [20] and its
modified version as presented by Wang et al. [45].

2.2. The fuzzy LLSM-AHP

Based on the AHP, fuzzy numbers have been used to represent
experts’ judgments, as in the following fuzzy comparison matrix
[20],

~M ¼

eM1;1
eM1;2 � � � eM1;neM2;1
eM2;2 � � � eM2;n

..

. ..
. . .

. ..
.

eMn;1
eMn;2 � � � eMn;n

0BBBBB@

1CCCCCA ð2Þ

whose elements are given by,

eMi;j ¼

ðlL
ij1;lK

ij1;lU
ij1Þ

..

.

ðlL
ijs;lK

ijs;lU
ijsÞ

0BB@
1CCA; ð3Þ

where ~mijq ¼ ðlL
ijq;lK

ijq;lU
ijqÞ represents the fuzzy number given by

expert q 2 S; jSj ¼ s, when comparing criteria i and j. Here, lL and
lU can be considered as the support of the fuzzy number ~m, while
lK can be taken as its modal value.

In this way, for every i; j 2 X and q 2 S, it holds that

~m�1
ijq ¼ ~mjiq ¼ ð1=lU

ijq;1=l
K
ijq;1=l

L
ijqÞ ð4Þ

and

~miiq ¼ ð1;1;1Þ: ð5Þ

Then, for the above matrix ~M, there exists an associated trian-
gular fuzzy weight vector

fW ¼ ð~w1; . . . ; ~wnÞ ¼ ððwL
1;w

K
1 ;w

U
1 Þ; . . . ; ðwL

n;w
K
n ;w

U
n ÞÞ; ð6Þ

such that in the ideal case the absolute consistency condition
should hold for every q, such that,

~mijq ¼ ~wi=~wj ¼ ðwL
i =wU

j ;w
K
i =wK

j ;w
U
i =wL

j Þ: ð7Þ

Under this approach [20], the fuzzy weight vector fW is esti-
mated by solving the following unconstrained minimization prob-
lem of the fuzzy logarithmic least squares model,

Min J ¼
Xn

i¼1

Xn

j¼1;j–i

Xs

q¼1

ðln wL
i � ln wU

j � ln lL
ijqÞ

2

þ ðln wK
i � ln wK

j � ln lK
ijqÞ

2

þ ðln wU
i � ln wL

j � ln lU
ijqÞ

2 ð8Þ

such that, after normalization, the estimations for the fuzzy weights
are given by [20],

~wi �
expðln wL

i ÞPn
i¼1 expðln wU

i Þ
;

expðln wK
i ÞPn

i¼1 expðln wK
i Þ
;

expðln wU
i ÞPn

i¼1 expðln wL
i Þ

 !
:

ð9Þ
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