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selection problem.

The membership functions of type-1 fuzzy sets have no uncertainty associated with it. While excessive
arithmetic operations are needed with type-2 fuzzy sets with respect to type-1's, type-2 fuzzy sets gen-
eralize type-1 fuzzy sets and systems so that more uncertainty for defining membership functions can be
handled. A type-2 fuzzy set lets us incorporate the uncertainty of membership functions into the fuzzy set
theory. Some fuzzy multicriteria methods have recently been extended by using type-2 fuzzy sets. Ana-
lytic Hierarchy Process (AHP) is a widely used multicriteria method that can take into account various
and conflicting criteria at the same time. Our objective is to develop an interval type-2 fuzzy AHP method
together with a new ranking method for type-2 fuzzy sets. We apply the proposed method to a supplier

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In the traditional formulation of multicriteria decision making
(MCDM) problems human’s judgments are represented as exact
numbers. However, in many practical cases, the data may be
imprecise, or the decision makers might be unable to assign exact
numerical values to the evaluation. Since some of the evaluation
criteria are subjective and qualitative in nature, it is very difficult
for the decision maker to express the preferences using exact
numerical values [20]. The conventional MCDM approaches tend
to be less effective in dealing with the imprecise or vague nature
of the linguistic assessments [13]. Analytic Hierarchy Process
(AHP) which is one of the most used MCDM approaches is a struc-
tured multicriteria technique for organizing and analyzing com-
plex decisions including many conflicting criteria. In the
literature fuzzy AHP methods based on type-1 fuzzy sets exist.
The fuzzy AHP technique can be viewed as an advanced analytical
method developed from the traditional AHP. Despite the conve-
nience of AHP in handling both quantitative and qualitative criteria
of multicriteria decision making problems based on decision mak-
ers’ judgments, fuzziness and vagueness existing in many decision-
making problems may cause to the imprecise judgments of deci-
sion makers in conventional AHP approaches [7].

In type-1 fuzzy sets, each element has a degree of membership
which is described with a membership function valued in the
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interval [0,1] [21]. The concept of a type-2 fuzzy set was intro-
duced by Zadeh [22] as an extension of the concept of an ordinary
fuzzy set called a type-1 fuzzy set. Such sets are fuzzy sets whose
membership grades themselves are type-1 fuzzy sets; they are
very useful in circumstances where it is difficult to determine an
exact membership function for a fuzzy set; hence, they are useful
for incorporating linguistic uncertainties, e.g., the words that are
used in linguistic knowledge can mean different things to different
people [14]. While the membership functions of type-1 fuzzy sets
are two-dimensional, the membership functions of type-2 fuzzy
sets are three-dimensional. It is the new third-dimension that pro-
vides additional degrees of freedom that make it possible to di-
rectly model uncertainties.

An interval type-2 fuzzy set is a special case of a generalized
type-2 fuzzy set. Since generalized type-2 fuzzy sets require com-
plex and immense computational burdensome operations, the
wide spread application of generalized type-2 fuzzy systems has
not occurred. Interval type-2 fuzzy sets are the most commonly
used type-2 fuzzy sets because of their simplicity and reduced
computational effort with respect to general type-2 fuzzy sets.
For this reason, we used interval type-2 fuzzy sets.

In this paper, an interval type-2 fuzzy AHP method is developed
and presented into the literature for the first time. The linguistic
scale of fuzzy AHP is expressed in a more detailed and flexible
way by interval type-2 fuzzy sets. New defuzzification methods
for both triangular and trapezoidal type-2 fuzzy sets are also incor-
porated into the developed method.
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The rest of the paper is organized as follows. Section 2 pre-
sents the basics of interval type-2 fuzzy sets. Section 3 gives
defuzzification methods including two new methods called DTriT
and DTraT. Section 4 includes our proposed interval type-2 fuzzy
AHP method. Section 5 gives an illustrative application of the pro-
posed method. Finally Section 6 gives the conclusions.

2. Interval type-2 fuzzy sets

In this section, some definitions of type-2 fuzzy sets and inter-
val type-2 fuzzy sets are briefly explained [17].

A type-2 fuzzy set A in the universe of discourse X can be rep-
resented by a type-2 membership function p~, shown as follows
[22]: A

i:{((x,u),u%x,u))‘ VxeX, Yue],C[0,1], Og,ui(x,u)gl},
(M

where J, denotes an interval [0,1]. The type-2 fuzzy set A also can
be represented as follows [17]:

A= [ rtew / (x.u), 2)

where J, C [0,1] and J denote union over all admissible x and u.

Let A be a type-2 fuzzy set in the universe of discourse X repre-
sented by the type-2 membership function p~. If all pu~(x,u) =1,
A A

then Z is called an interval type-2 fuzzy set [3]. An interval type-

2 fuzzy set A can be regarded as a special case of a type-2 fuzzy
set, represented as follows [17]:

where J, C [0,1].
Arithmetic operations with trapezoidal interval type-2 fuzzy
sets are given in the following.

Definition 2.1. The upper and lower membership functions of an
interval type-2 fuzzy set are type-1 membership functions.

A trapezoidal interval type-2 fuzzy set is illustrated a
Ai= (Ar:AL) = ((af d. o (AF). o (AY)). (ch by oy by
H, (Kf)ﬁz <ZIL>>) where AU and AL are type-1 fuzzy sets,
a¥.a%.a%,ay,db, ab,a and al, are the references points of the
interval type-2 fuzzy set Ei,Hj (A,”) denotes the membership
value of the element a}(’jﬂ) in the upper trapezoidal membership
function (7\1”) 1<j<2,H; (Z\IL) denotes the membership value of
the element af; ,
AL 1 <j<2,H, (E,U) € [0,1]7H2(Z}’> € [0, 1], H, (E}) € [0, 1], H>
(7\%) c€[0,1]and 1 <ign[8].

) in the lower trapezoidal membership function

Definition 2.2. The addition operation between the trapezoidal
interval type-2 fuzzy sets A; = ((aﬁﬂ,a%,aﬁ%,aﬁ@;Hl (7\1”),H2
(AY)). (ah.ak, 05,0k, Hy (AL) Ha (AY))) and Ar = ((a¥,04,.0%,

ay,;Hy (7&5) JH> (7\5)), (aél ,ak,.ak,.ak, H (Zé),Hz <7\§))) is defined
as follows [8]:

A A — (@Y oV av +al g gV al ol
A1 @ Ay = ((af) + a3y, a3 + a3y, A7 + 033, 07 + Aoy

min (Hl <ﬁ§’> H, (ﬁ;’)), min (Hz (A'{) i Hy (Eé’))»

(a5 + a3, 05, + a5y, ajs + 3,05y + G35
min (1, (A1) Hy (A5 ) i (1 (7)) ) “

Definition 2.3. The subtraction operation between the trapezoidal
interval type-2 fuzzy sets Z1 = ((aﬁ’] ,a4,,a%;, a¥,; Hy (Eﬁ’) JH>
(Z%])) (a,ﬁ 7a’1-27a%37a’1'47H1 (Ali) ,H; (7‘%)>> and 22 = ((a% 7‘15]2,(133,
ay,Hq (Zg) H, (Zg)) ,(aé1 ak,.aks.ak,Hy (Eé) H> (Ag) )) is defined

as follows [8]:

A A A (U U U U U U U U .
A1 © Ay = ((aF) — a3y,07, — 033,073 — 03,074 — Q)5

min (Hl <A§’) H, (E;’)), min (Hz (Aﬁ’) i Hy (/Ké’))),

(a5 — a5y, 05, — a53, a5 — a5y, a5, — G55
min (H1 (Eﬁ);Hl (Eg)) ,min (H2 (7\2);112 (Eg)))) (5)

Definition 2.4. The multiplication operation between the trape-

zoidal interval type-2 fuzzy sets ; = ((a%,a‘{z,aﬁ’3,a§’4;H1
(AY). Ha(AY)). (dhy, dby, a, aty, H (A1), Ho(A1))) and A, =
(a4, %, as, als Hi (AY). Ha(AY) ). (a1, aby., ahs, abys Hi (S ). Ho
(2\5))) is defined as follows [8]:

A oA (Y s db al al ab xaV al xaU-
A1 ® Ay = ((af) x a3y, a3 x A3y, Ay X A3, Ay X Uy

min (H1 <A§]> :H, (ﬁé’)), min (Hz (A'{) i Hy (Zé’))»

(ahy x @3,05, x a5y, a3 X 33,05, X G35
min (1 (7 ): s (32) ) min (1 (24 s (32)) ) ©

Definition 2.5. The arithmetic operations between the trapezoidal
interval type-2 fuzzy sets A, = ((aﬁ’]7a§’27a§’3, a¥,; Hy (7\%’)7H2
(Z’{)), (aﬁl,aﬁz.,ag,ah,Hl (Z%),Hz (7\%))) and the crisp value k
is defined as follows [8]:

KA, — ((k x afy, k x a¥y k x a¥y,k x a,); H (A’{)7H2 (Aﬁ’),
(k x aby k x ab, k x aky, k x ab s Hy (Eﬁ),Hz (7\%))) (7)

A 1 1 1 L A A

G (Rt ot ol ) (A). ).

1 1 1 ! A A

<E " a%wE « al1-27F % a%3’E x ak,; Hy (A%)J‘Iz (A%))) (8)

where k > 0.

3. Defuzzification methods for type-2 fuzzy sets

Defuzzification of a type-2 fuzzy set consists of two steps. In the
first step, a type-2 fuzzy set is determined as a type-1 fuzzy set by
using the type reduction process. Then one of the defuzzification
methods for ordinary (type-1) fuzzy sets is used to find the equiv-
alence of the type-2 fuzzy set [14]. There are a lot of type reduction
methods proposed in the literature. In the following the most used
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