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Fuzzy regression models have been widely applied to explain the relationship between explanatory vari-
ables and responses in fuzzy environments. This paper proposes a simple two-stage approach for con-
structing a fuzzy regression model based on the distance concept. Crisp numbers representing the
fuzzy observations are obtained using the defuzzification method, and then the crisp regression coeffi-
cients in the fuzzy regression model are determined using the conventional least-squares method. Along
with the crisp regression coefficients, the proposed fuzzy regression model contains a fuzzy adjustment
variable so that the model can deal with the fuzziness from fuzzy observations in order to reduce the
fuzzy estimation error. A mathematical programming model is formulated to determine the fuzzy adjust-
ment term in the proposed fuzzy regression model to minimize the total estimation error based on the
distance concept. Unlike existing approaches that only focus on positive coefficients, the problem of neg-
ative coefficients in the fuzzy regression model is taken into account and resolved in the solution proce-
dure. Comparisons with previous studies show that the proposed fuzzy regression model has the highest
explanatory power based on the total estimation error using various criteria. A real-life dataset is adopted
to demonstrate the applicability of the proposed two-stage approach in handling a problem with negative
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coefficients in the fuzzy regression model and a large number of fuzzy observations.
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1. Introduction

Regression analysis is usually adopted for investigating the
relationships between independent (or input, explanatory) and
dependent (or output, response) variables using a group of crisp
observations in various research and application fields. The least-
squares method is often applied to find regression coefficients to
minimize the squared errors. In practice, observations are some-
times described in linguistic terms, such as “approximately equal
to 1007, due to fuzzy, inexact, or insufficient information. In order
to describe such fuzzy data, fuzzy set theory [36] is frequently
adopted. Fuzzy regression models are developed to formulate a
relationship between input and output variables in a fuzzy
environment.

Tanaka et al. [30] were the first to propose a linear program-
ming technique for determining fuzzy regression coefficients in
the case of fuzzy dependent variables and crisp independent ones.
Since then, fuzzy regression has been used by many researchers for
applications and the development of methodologies
[8,10,11,15,17,22,26,35]. Although Tanaka [28], Tanaka et al. [29],
and Tanaka and Watada [31] made some improvements to Tanaka
et al.’s [30] original fuzzy regression model, the improved models
still suffer some shortcomings, such as over-sensitivity to outliers,
as pointed out by Redden and Woodall [23]. Wang and Tsaur [32]
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stated that Tanaka et al.’s [30] model possibly produces excessively
wide ranges of estimation. Furthermore, Kao and Chyu [12,13]
showed that fuzzy regression coefficients broaden the spread of
estimated responses when the magnitude of the independent vari-
ables increases, even though the actual spreads of the observed re-
sponses are approximately constant or decreasing. These flaws
lessen the explanatory power of the model.

To overcome these problems, Kao and Chyu [12] proposed a
two-stage procedure for determining the crisp coefficients and fuz-
zy error terms in fuzzy regression models based on Kim and Bishu’s
[14] criterion. They also proposed a least-squares method to derive
crisp regression coefficients [13]. Chen and Dang [5] improved Kao
and Chyu’s [13] model and achieved better performance in the
reduction of the total estimation error based on Kim and Bishu’s
[14] criterion. Although several researchers [5,12,14] used Kim
and Bishu’s [14] criterion to develop fuzzy regression models, the
development of models using this criterion is flawed due to the fact
that if the observed and estimated fuzzy responses do not inter-
sect, the estimation error remains constant irrespective of the dis-
tance between the observed and estimated responses. In such
circumstances, the measure does not reflect the actual difference
between the responses. Another drawback commonly found in
the literature is that the fuzzy regression model is limited to fuzzy
observations with symmetrical triangular fuzzy numbers
[7,9,14,20,25,33]. To minimize the distance between the observed
and estimated fuzzy responses, Chen and Hsueh [2] considered
fuzzy adjustment variables in the fuzzy regression models, and
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developed a mathematical programming method based on the dis-
tance criterion to determine the crisp regression coefficients and
fuzzy adjustment variables simultaneously. In addition to dealing
with non-symmetrical triangular fuzzy numbers, their approach
has several advantages, including an effective reduction of the total
estimation error, with the limitation that feasible solutions might
not be found when the number of fuzzy observations is large.

In most existing approaches, fuzzy regression models are for-
mulated with the assumption that the sign of regression coeffi-
cients is positive [2,7,9-13,20,25]. When the relationship of the
fuzzy response and a fuzzy (or crisp) independent variable has
the opposite change, the formulations may be incorrect based on
fuzzy arithmetic. Recently, Bargiela et al. [ 1] developed an iterative
algorithm that employs the gradient-descent optimization tech-
nique to determine possible negative coefficients for fuzzy multi-
ple regression models to achieve the minimum sum of squared
errors. In their approach, they used defuzzification methods to
defuzzify the observed and the predicted fuzzy responses for dem-
onstrating the performance of the proposed fuzzy regression mod-
el. Chen and Hsueh [3] proposed a least-squares method to
construct fuzzy regression models by minimizing the total estima-
tion error. The concept of correlation coefficients was adopted in
their approach to find a possible opposite change between the fuz-
zy response and a fuzzy (or crisp) independent variable.

In the present study, a two-stage approach based on Kao and
Chyu’s [12] and Chen and Hsueh’s [2] concepts is proposed to
establish fuzzy regression models with crisp coefficients and re-
solve the problem of negative coefficients. Different from Chen
and Hsueh'’s [3] approach in which each correlation coefficient be-
tween the fuzzy response and a fuzzy (or crisp) independent vari-
able must be calculated separately to find possible negative
coefficients and which may require some iterations to determine
the coefficients, the proposed approach is efficient. In the proposed
approach, the fuzzy observations are first defuzzified into crisp val-
ues to calculate the crisp regression coefficients using the classical
least-squares method. This stage constructs a defuzzified version
of the fuzzy regression model. To incorporate the fuzziness of the
input and/or output variables into the model, fuzzy adjustment
variables are added into the model in the second stage. With the
crisp regression coefficients treated as the known parameters,
the fuzzy adjustment variables in the fuzzy regression models
are determined using a mathematical program to minimize the to-
tal estimation error based on the distance concept. It is noted that
the formulations of fuzzy regression models in the mathematical
programming should consider the sign of the regression coefficient
for each input variable based on the principle of fuzzy arithmetic.

The rest of this paper is organized as follows. Section 2 formu-
lates the fuzzy regression model with the fuzzy adjustment term.
The solution approaches, namely the least-squares method and
mathematical programming, are described in Section 3. In Sec-
tion 4, three examples are used to illustrate applications, and the
performance of the proposed models is compared with that of
existing models. A fourth example is used to demonstrate the
applicability of the proposed approach to a problem with negative
coefficients in the fuzzy regression model. In addition, a real-life
dataset is used as a fifth example to demonstrate the ability of
the proposed two-stage approach to deal with a large number of
observations, where the established fuzzy regression model has
negative coefficients. Conclusions are provided in the final section.

2. Fuzzy linear regression model
The traditional regression model is frequently used to express

the relationship between the response and one or more explana-
tory variables. If the observations are fuzzy, the fuzzy regression

model is applied to establish the relationship between the fuzzy
response and fuzzy input variables. Let ()?“, .. ,)?,-p, 171-),
i=1,...,n, be n pairs of fuzzy observations, each with a fuzzy re-
sponse and p fuzzy input variables, which are characterized by
membership functions uy and M, respectively. In general, for
computational efficiency, triangular fuzzy numbers, which are de-
fined as normal and convex sets, are used [36]. The fuzzy number
of )N(,j can be expressed as a triple element set (X, Xjm, Xju) With
the following membership function:

s (%) = { (% = X))/ Kijm — Xigr),  Xijp <X < Xijm
i Xiju = X)/ Kiju = Xijm),  Xijm < X < Xiju

where Xjj, Xjm, and X, are the smallest, most possible, and largest
values, respectively, iy (Xjm) =1, and pig (Xj) = pig, (Xjju) = 0. Let
bo,bs,...,b, denote the crisp estimates of the regression parameters.
Referring to the traditional regression model, the fuzzy regression
model can be formulated as:

(M

?i:bO'i‘bljZil+b2)?i2+"'+bp5€ip7 i=1,...,n (2)

Unlike existing models which have fuzzy regression coefficients
[9,14,20,22,25,31,33,35], the regression coefficients in (2) are crisp
values, so that the problem of fuzzy responses with wide estima-
tion spreads due to large explanatory variables is avoided. How-
ever, if the explanatory variables are crisp, the predicted or
estimated responses in (2) are also crisp, leading to a large fuzzy
error for a fuzzy response [2]. To deal with this problem, Chen
and Hsueh [2] added a fuzzy adjustment term J, which denotes a
fuzzy number with the membership function u;. For generaliza-
tion, this concept is also adopted in the present study because it
effectively resolves the problem. The membership function of a
fuzzy adjustment term is a triangular fuzzy number when )?,»j and
Y; are triangular numbers. Let  represent a triangular fuzzy num-
ber with the membership function § = (6;, 6,1, 8, ), which is defined
as:

ﬂ,{(éféz)/wm—é,), b3
> V(0w = 8)/(0u = Om), Om

The fuzzy adjustment term, 9, is added to (2), so that the proposed
fuzzy regression model is formulated as follows:

3)

?;=b0+b1)~<n +b2)~(,‘2+"'+bp)~<ip+s 4)

That is, by and & can actually be combined in the formulation. Other
than the regression coefficients, the three parameters of the mem-
bership function u;, i.e., d;, 6, and J,, are regarded as variables to
be determined. The coefficients and p; should be determined to

maximize the explanatory power of }7; for the fuzzy response Y;.

3. Solution approaches

Based on the fuzzy regression model (4), directly determining
all coefficients and the three parameters of y; is difficult, since fuz-
zy observations represented as fuzzy numbers with membership
functions are considered in the model formulation. To overcome
this problem, a two-stage approach is used to find the optimal
coefficients and parameters. In the first stage, the fuzzy observa-
tions )A(/ij and Y; are defuzzified into crisp values. In fuzzy problems,
defuzzification is usually adopted for simplification. Since the fuz-
zy regression model contains some fuzzy numbers, the problem
can be simplified by using a crisp number to represent each fuzzy
number. The crisp numbers can then be used to determine the
relationship between the corresponding fuzzy numbers and the
fuzzy response. Many defuzzification approaches have been devel-
oped, among which the centroid method is commonly used in solv-
ing fuzzy problems [6,24]. The defuzzified (crisp) values, Xj. and
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