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a b s t r a c t

In this paper, we study asymptotic stability of the zero solution of a class of differential systems governed
by a scalar differential inequalitywith time-varying structures and delays.We establish a newgeneralized
Halanay inequality for the asymptotic stability of the zero solution for such systems under more relaxed
conditions than the existing ones. We also apply the theoretical results to the analysis of self synchro-
nization in networks of delayed differential systems and obtain a more general sufficient condition for
self synchronization.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The applications of delay differential equations can be found
in many areas including control systems, neural networks (Chen,
Lu, & Chen, 2005; Shen & Wang, 2009), and many others. And
a fundamental problem in these applications is to determine the
stability of the solutions, which has been analyzed for decades. For
example, in order to analyze the asymptotic stability of the zero
solution of the following delay-differential equations with fixed
delay τ > 0,

ẋ(t) = −ax(t)+ bx(t − τ). (1)

Halanay (1966) proved the following inequality which was later
called Halanay inequality.
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Proposition 1. Let x(t) > 0, t ∈ R, be a differentiable scalar
function of t that satisfies

ẋ(t) ≤ −ax(t)+ b sup
t−τ≤s≤t

x(s), t ≥ t0 (2)

x(t) = ψ(t), t ≤ t0 (3)

with a > b > 0 being constants and ψ(t) ≥ 0 continuous and
bounded for t ≤ t0, then there exist k > 0 and γ > 0 such that
x(t) ≤ ke−γ (t−t0). Hence x(t) → 0 as t → ∞.

Later on, this inequality has been extended to more general
types of delay differential equations. For example, in Baker and
Tang (1996), Wen, Yu, and Wang (2008), it has been proved.

Proposition 2. Let x(t) > 0, t ∈ R be a differentiable scalar function
that satisfies

ẋ(t) ≤ −a(t)x(t)+ b(t) sup
q(t)≤s≤t

x(s), t ≥ t0, (4)

x(t) = ψ(t), t ≤ t0, (5)

whereψ(t) > 0 is bounded and continuous for t ≤ t0, a(t), b(t) ≥ 0
for t ≥ t0, 0 < q(t) ≤ t and q(t) → ∞ as t → ∞. If there exists
σ > 0 such that

− a(t)+ b(t) ≤ −σ < 0, t ≥ t0, (6)

then (i) x(t) ≤ sup−∞<s≤t0 |ψ(s)|, (ii) x(t) → 0 as t → ∞.
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In Mohamad and Gopalsamy (2000), the authors consider
continuous and discrete time Halanay-type inequalities and
further generalize the results of Baker and Tang (1996) to the case
of distributed delays.

Proposition 3 (Theorem2.2 ofMohamadandGopalsamy (2000)). Let
x(t), t ∈ R be a nonnegative function that satisfies

ẋ(t) ≤ −a(t)x(t)+ b(t)


∞

0
K(s)x(t − s)ds, t > t0,

x(t) = |ϕ(t)| t ≤ t0,

where ϕ(s), s ∈ (−∞, t0], a(t) and b(t), t ∈ R are nonnegative
continuous and bounded functions; the delay kernel K(·) : [0,∞) →

[0,∞) satisfies
∞

0
K(s)eαsds < ∞,

for some positive number α. Suppose further that

a(t)− b(t)


∞

0
K(s)ds ≥ σ , t ∈ R, (7)

where σ = inft∈R[a(t) − b(t)


∞

0 K(s)ds] > 0. Then there exists a
positive number α̃ such that

x(t) ≤


sup
s≤t0

x(s)

e−α̃(t−t0), t > t0.

In Baker (2010), the authormade some refinement on the decay
rate of their previous works.

Generalized Halanay inequalities have also been developed in
the stability analysis of delay differential systems. For example,
in Chen (2001), Lu and Chen (2004), the authors proposed some
variants of the Halanay inequality to solve the global stability of
delayed Hopfield neural networks.

Particularly, in Chen and Lu (2003), Lu and Chen (2004),
the following periodic and almost periodic integro-differential
systems

dui(t)
dt

= −di(t)ui(t)+

n
j=1

aij(t)gj(uj(t))

+

n
j=1


∞

0
fj(uj(t − τij(t)− s))dsKij(t, s)+ Ii(t),

i = 1, 2, . . . , n, (8)

where dsKij(t, s) are Lebesgue–Stieltjes measures for each t , are
discussed.

As a direct consequence of the main theorem in Lu and Chen
(2004), we have

Proposition 4. Suppose that |gj(x)| ≤ Gj|x| and |fj(x)| ≤ Fj|x|. If
there exist positive constants ξ1, ξ2, . . . , ξn, α such that for all t > 0
and i = 1, 2, . . . , n,

− ξi(di(t)− α)+

n
j=1

ξjGj|aij(t)|

+

n
j=1

ξjFjeατij(t)


∞

0
eαs|dsKij(t, s)| ≤ 0, (9)

then for any solution u(t) = [u1(t), . . . , un(t)], t > 0 of the
system (8) with Ii(t) = 0, i = 1, . . . , n, we have

max
i=1,...,n

|ui(t)| ≤ max
i=1,...,n

max
−τ≤s≤0

(eαs|ui(s)|)e−αt . (10)

In particular, when n = 1, dsK11(t, s) = b(t)δ(s), τ11(t) = τ(t),
we have

Proposition 5 (Also See Chen (2001)). Suppose −(a(t) − α) +

|b(t)|eατ(t) ≤ 0, then for any continuous scalar function x(t) ≥ 0
that satisfies
ẋ(t) ≤ −a(t)x(t)+ |b(t)| sup

s≥0
x(t − s), t > 0,

x(t) = |ϕ(t)|, t ≤ 0,
(11)

we have

|x(t)| ≤ max
−τ≤s≤0

(eαs|φ(s)|)e−αt . (12)

Instead, when n = 1, dsK11(t, s) = b(t)k(s)ds, τ11(t) = 0, we
have

Proposition 6. Suppose−(a(t)−α)+b(t)


∞

0 eαsK(s)ds ≤ 0, then
for any continuous scalar function x(t) satisfyingẋ(t) ≤ −a(t)x(t)+ b(t)


∞

0
K(s)x(t − s)ds, t > 0,

x(s) = |ϕ(s)|, t ≤ 0,
(13)

we have

|x(t)| ≤ max
−τ≤s≤0

(eαs|φ(s)|)e−αt . (14)

For more recent works, refer to Gil’ (2013) and Liu, Lu, and
Chen (2011a), Liu, Lu, and Chen (2012). In all the above mentioned
works, there is a basic requirement: a(t) > b(t) for all t . This
requirement is not satisfied inmany real systems. For example, it is
well known that a system switching among several subsystems can
be stable even if not all the subsystems are stable. So it is necessary,
if possible, to further generalize the Halanay inequality so that it
can be used for more general cases.

In this paper,wewill first generalize the differential inequalities
with bounded time-varying delays under more relaxed require-
ments, say, without a(t) > b(t) for all t . Then, we provide two ap-
plications of the theoretical results. First, we apply the theoretical
results to the analysis of self synchronization in neural networks.
Based on our new generalized Halanay inequality, we proved new
sufficient conditions for self synchronization in neural networks
with bounded time-varying delays. Then, we investigate periodic
solutions of neural networks with periodic coefficients and time
delays. Undermore relaxed requirement, we proved new sufficient
conditions for the existence and exponential stability of the peri-
odic solutions of such neural networks.

The rest of the paper is organized as follows. In Section 2,
the new generalized Halanay inequality is proposed and proved;
two applications of the theoretical results are given in Section 3;
numerical examples with simulations are given in Section 4; the
paper is concluded in Section 5.

2. Generalized Halanay inequality

Consider a scalar function x(t) governed by the inequality
D+

|x(t)| ≤ −a(t)|x(t)| + b(t) sup
t−τmax≤s≤t

|x(t − s)|, t ≥ 0,

x(s) = φ(s), s ∈ [−τmax, 0],
(15)

where D+ represents the upper right Dini derivative, a(·): R+
→

R+, b(·): R+
→ R are piecewise continuous and uniformly

bounded, i.e., there exists Ma > 0, Mb > 0 such that 0 <
a(t) ≤ Ma, |b(t)| ≤ Mb, φ(s) ≥ 0 is the initial value, and τ(·):
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