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a b s t r a c t

This paper is concerned with the problem of model reduction for discrete-time Takagi–Sugeno (T–S)
fuzzy state-delay systems with finite-frequency input signals. A new finite-frequency model reduction
algorithm is proposed, which can get a better approximation performance than the existing full-
frequency methods. Firstly, a finite-frequency H1 performance index is defined in the frequency domain.
Then, a stability condition and a finite-frequency H1 performance analysis condition are developed by
the aid of Jensen's inequality and Parseval's theorem, respectively. Based on these conditions, sufficient
model reduction conditions are derived for discrete-time T–S fuzzy state-delay systems. An optimization
algorithm is proposed to obtain a stable reduced-order model satisfying the finite-frequency perfor-
mance specification. Finally, the effectiveness of the proposed method is illustrated by a numerical
example.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, there has been a growing interest in T–S fuzzy
model [1] since it can approximate a wide class of nonlinear sys-
tems or even describe a certain class of nonlinear systems exactly.
Stability analysis and control synthesis of T–S fuzzy systems has
been fully investigated by various methods: quadratic Lyapunov
functions [2–6], piecewise Lyapunov functions [7,8], fuzzy Lyapunov
functions [9], homogenous polynomially parameter dependent
Lyapunov functions [10–13], adaptive fuzzy approaches [14–16],
and Type-2 fuzzy model [17–19], etc.

Model reduction has received considerable attention in the past
decades since high or even infinite order mathematical models are
frequently used to describe physical systems in many engineering
applications. This poses serious difficulties in simulation, analysis and
design of systems. Model reduction is an indispensable tool to gen-
erate simpler reduced-order model while sacrificing some accuracy.
For linear systems, various effective approaches have been proposed,
such as the balanced truncation method [20], the optimal Hankel-
norm approximation method [21], the aggregation method [22], the
Krylov subspace techniques [23], to mention a few. However, for T–S

fuzzy systems, few results are available [24–26]. The H1 model
reduction problem for continuous-time T–S fuzzy stochastic systems
was studied in [24], where a convex linearization approach and a
projection approach were proposed. The H1 model approximation
problem for discrete-time T–S fuzzy time-delay systems was con-
sidered in [25], where a projection approach was developed to solve
the problem.

It is worthy noting that many model reduction problems are
inherently frequency dependent in practice, i.e., the requirement
on the approximation accuracy over some frequency ranges is
more important than others. For linear systems, the frequency
weighted balanced truncation method [27] and the finite-
frequency H1 method [28–30] based on the generalized KYP
lemma [31,34] were proposed to solve such problems. However,
for T–S fuzzy systems, this issue still remains challenging. Besides,
time-delays [35–41] are inevitable in practice, which are the
potential sources of instability. This motivates us to develop a
novel finite-frequency model reduction method for T–S fuzzy
time-delay systems.

This paper considers the model reduction problem of discrete-
time T–S fuzzy state-delay systems with finite-frequency input
signals. First, a new finite-frequency H1 performance index is
defined in the frequency domain, which extends the traditional
H1 performance index. Then, a finite-frequency H1 performance
analysis condition is developed by the aid of Parseval's theorem. In
addition, a stability condition is given by using Jensen's inequality.
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Based on these conditions and Finsler's lemma, sufficient model
reduction conditions are derived for discrete-time T–S fuzzy state-
delay systems. An optimization algorithm is proposed to calculate
a stable reduced-order model satisfying the finite-frequency per-
formance specification. Finally, the effectiveness of the proposed
method is illustrated by a numerical example.

The rest of the paper is organized as follows. Section 2 gives the
problem statement and preliminaries. Section 3 gives the main
results, where a new finite-frequency model reduction method is
proposed for discrete-time T–S fuzzy state-delay systems. Section 4
gives an example to illustrate the effectiveness of the proposed
method. Finally, conclusions are given in Section 5.

Notations. For a matrix M, M* and M? denote its conjugate
transpose and orthogonal complement, respectively. M40ðMo0Þ
means that M is positive definite (negative definite). The symbol ⋆
will be used in some matrix expressions to induce a symmetric
structure. The Hermitian part of a square matrix M is denoted by
HeðMÞ ≔ MþM�.

2. Problem formulation and preliminaries

Consider a class of nonlinear systems described by the fol-
lowing T–S fuzzy time-delay model:

Plant rule i: IF v1ðkÞ is F1i, and …, and vs(k) is Fs
i, THEN

xkþ1 ¼ AixkþAdixk� lþBiuk

yk ¼ CixkþCdixk� lþDiuk; i¼ 1;2;…; r
xk ¼ 0; for k¼ � l; � lþ1;…;0

8><
>: ð1Þ

where Fi1;…; Fis are fuzzy sets, xkARn is the state, ykARp is the
measured output, ukARm is the energy-bounded input with
known finite-frequency range ϑ1;ϑ2

� �
. Ai, Adi, Bi, Ci, Cdi, Di are

system matrices with compatible dimensions. l denotes the inte-
ger constant delay satisfying 0o lo l , where l is a positive integer
representing the upper bound of the delay. r is the number of IF-
THEN rules, and v1ðkÞ;…; vsðkÞ are the premise variables and
measurable.

The fuzzy basis functions are given by

hiðvðkÞÞ ¼
∏s

j ¼ 1μijðvjðkÞÞPr
i ¼ 1 ∏s

j ¼ 1μijðvjðkÞÞ
ð2Þ

where μijðvjðkÞÞ is the grade of membership of vj(k) in Fj
i. In the

following, we will drop the argument of hiðvðkÞÞ for brevity. By
definition, the fuzzy basis functions satisfy

hiZ0; i¼ 1;2;…; r;
Xr

i ¼ 1

hi ¼ 1: ð3Þ

Let ρ be a set of basis functions satisfying (3). A more compact
presentation of the T–S fuzzy delay model is given by

xkþ1 ¼ A hð ÞxkþAd hð Þxk� lþB hð Þuk

yk ¼ C hð ÞxkþCd hð Þxk� lþD hð Þuk

(
ð4Þ

where

AðhÞ ¼
Xr

i ¼ 1

hiAi;AdðhÞ ¼
Xr

i ¼ 1

hiAdi;BðhÞ ¼
Xr

i ¼ 1

hiBi

CðhÞ ¼
Xr

i ¼ 1

hiCi;CdðhÞ ¼
Xr

i ¼ 1

hiCdi;DðhÞ ¼
Xr

i ¼ 1

hiDi

with h≔ ðh1;h2;…;hrÞAρ.
In this paper, we will approximate the T–S fuzzy delay system

(4) by the following reduced-order T–S model:

Plant rule i: IF v1ðkÞ is F1i, and …, and vs(k) is Fs
i, THEN

x̂kþ1 ¼ Âix̂kþ Âdix̂k� lþ B̂iuk

ŷk ¼ Ĉ ix̂kþ Ĉ dix̂k� lþD̂iuk; i¼ 1;2;…; r

x̂k ¼ 0; for k¼ � l; � lþ1;…;0

8>><
>>: ð5Þ

where x̂kARn̂ ðn̂onÞ is the state of the reduced-order model, ŷkA
Rp is the output of the reduced-order model, and Âi, Âdi, B̂i, Ĉ i, Ĉ di,
D̂i are system matrices to be determined. The reduced-order
model can be written in a compact form

x̂kþ1 ¼ ÂðhÞx̂kþ ÂdðhÞx̂k� lþ B̂ðhÞuk

ŷk ¼ Ĉ ðhÞx̂kþ Ĉ dðhÞx̂k� lþD̂ðhÞuk

(
ð6Þ

where

ÂðhÞ ¼
Xr

i ¼ 1

hiÂi; ÂdðhÞ ¼
Xr

i ¼ 1

hiÂdi; B̂ðhÞ ¼
Xr

i ¼ 1

hiB̂i

Ĉ ðhÞ ¼
Xr

i ¼ 1

hiĈ i; Ĉ dðhÞ ¼
Xr

i ¼ 1

hiĈ di; D̂ðhÞ ¼
Xr

i ¼ 1

hiD̂i:

By combining (4) and (6), we can obtain the following
approximation error system

ξkþ1 ¼ AðhÞξkþAdðhÞξk� lþBðhÞuk

ek ¼ C ðhÞξkþCdðhÞξk� lþDðhÞuk

(
ð7Þ

where ξk≔ x�k x̂�k
� ��, ek≔yk� ŷk, and

AðhÞ ¼
AðhÞ 0

0 ÂðhÞ

" #
; AdðhÞ ¼

AdðhÞ 0

0 ÂdðhÞ

" #
; BðhÞ ¼

BðhÞ
B̂ðhÞ

" #

C ðhÞ ¼ CðhÞ � Ĉ ðhÞ
h i

; CdðhÞ ¼ CdðhÞ � Ĉ dðhÞ
h i

; DðhÞ ¼DðhÞ�D̂ðhÞ:

To formulate the finite-frequency model reduction problem, we
introduce the following definition.

Definition 1. Let γ40 be a given scalar, then system (7) is said to
be with a finite-frequency H1 performance bound no larger than
γ, if the following inequalityZ ϑ2

ϑ1

E�ðθÞEðθÞdθrγ2
Z ϑ2

ϑ1

U�ðθÞUðθÞdθ ð8Þ

holds, where EðθÞ;UðθÞ are the Fourier transform of the error sig-
nal ek and the input signal uk, respectively, and ϑ1;ϑ2 are the lower
and upper frequency bounds of the input signal, respectively.

Remark 1. When ϑ1 ¼ �π, ϑ2 ¼ π, (8) becomesZ π

�π
E�ðθÞEðθÞdθrγ2

Z π

�π
U�ðθÞUðθÞdθ

By Parseval's theorem [42], we have

X1
k ¼ 0

e�kekrγ2
X1
k ¼ 0

u�
kuk

which is the full-frequency H1 performance index in [25].

With the help of Definition 1, the finite-frequency model
reduction problem can be formulated as follows: For a given stable
T–S fuzzy state-delay system (4), frequency bounds ϑ2Zϑ1, and a
scalar γ40, find a stable reduced-order model (6) such that the
approximation error system (7) satisfies a finite-frequency H1
performance (8).

To conclude the section, two lemmas are given, which will be
used in the sequel.

Lemma 1 ([32]: Finsler's lemma). For a given vector ηACn and
matrices GACn�n, HACn�n, if the rank of matrix H is less than n, then
the following two statements are equivalent:

(i) ηTPηo0 holds for any Hη¼ 0; 8ηa0.
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