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a b s t r a c t

This paper investigates the consensus of second-order multi-agent systems without measuring the
velocity states of the agents, where each agent can be either a double integrator or a harmonic oscillator.
By utilizing the position information of the agents, a distributed observer-based protocol is proposed to
solve the second-order consensus problem of multi-agent systems with or without time delay. The
observer-based consensus problem is converted to the stability analysis for a set of second-order quasi-
polynomials through coordinate transform and system decomposition. Then, some necessary and suf-
ficient conditions are derived for reaching second-order consensus in multi-agent systems with or
without time delay, respectively, and it is shown that the consensus can be achieved if and only if the
communication delay is less than a critical value. Simulation examples are given to verify the theoretical
analysis.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

In the past few decades, the consensus problem has been a
focal point of many different disciplines due to its important role
in the investigation of the distributed coordination of multi-agent
systems. The consensus in a multi-agent system is said to be
reached if all the agents can eventually agree on some common
value under some control algorithms based on local information.
Much progress has been made in the consensus of multi-agent
systems with first-order dynamics [1–3], second-order dynamics
[4–9], higher-order dynamics [10–13] and fractional-order
dynamics [14,15]. In particular, much effort has been devoted to
the second-order consensus problem due to many practical
applications of second-order multi-agent systems, such as the
flocking of unmanned air vehicles [16,17] and the formation con-
trol of multiple mobile robots [18,19]. It is worth mentioning that
the first-order consensus problem is closely related to the syn-
chronization problem of complex networks [20–23].

A second-order linear multi-agent system is composed of a set
of interconnected systems, where each agent may be a double
integrator [4–6], a spring-mass system [24], or a harmonic oscil-
lator [25,26]. Moreover, it is worth mentioning that a harmonic
oscillator and a double integrator can be described by a unified

mathematical model. Some fundamental results have been
obtained to address the second-order consensus of multi-agent
systems with double-integrator dynamics [4–6]. In recent years,
the consensus problem of coupled harmonic oscillators has been
intensively investigated by using many different control strategies
[25–29]. It is now well known that the existence of a directed
spanning tree in network topology is a necessary condition for
reaching second-order consensus [4], and both the real and ima-
ginary parts of the nonzero eigenvalues of network Laplacian
matrix are important to discuss the consensus problem [5].

Since the time delay is inevitable in many physical systems
[30–32], some researchers have studied the consensus in a net-
work of double integrators or harmonic oscillators with time
delay. For coupled double-integrators, Yu et al. [5] showed that the
communication delay should be less than some critical value and
Meng et al. [6] further analyzed the effects of input and commu-
nication delays on second-order consensus. As for coupled har-
monic oscillators, Zhang et al. [27] considered the consensus in the
network with delayed velocity coupling, while Song et al. [29]
investigated the consensus using delayed position information and
proved that the time delay should be chosen from a set of bounded
intervals.

Note that most consensus protocols for coupled double inte-
grators [4–6] and coupled harmonic oscillators all require velocity
states [25–28]. However, for a second-order multi-agent system
without being equipped with velocity sensors, the velocity infor-
mation will not be available. Moreover, in some practical cases, the
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velocity might be more difficult to be accurately measured com-
pared with the position. In recent years, by using current position
measurements, some distributed observer-based consensus pro-
tocols have been developed for coupled double integrators [33–36]
and coupled harmonic oscillators [37], where only the algorithm in
[36] assumes general directed network topology. As far as we
know, very few reduced-order observer-based consensus protocols
have been designed for second-order multi-agent systems with
directed topology and time delay.

Motivated by the above-mentioned discussions, this paper
studies the observer-based consensus for a class of second-order
multi-agent systems, where each agent can be a double integrator
or a harmonic oscillator. The main contribution of this paper is
two-fold. First, by utilizing the position information of the agents,
we propose a distributed observer approach to solve the second-
order consensus problems for coupled harmonic oscillators or
coupled double integrators under directed network topology with
or without communication delay. Then, through coordinate
transformation and system decomposition, the consensus problem
is converted to the stability analysis for a set of a second-order
quasi-polynomials, based on which some necessary and sufficient
conditions are derived for reaching second-order consensus in
multi-agent systems with or without time delay, respectively.
Second, we analyze the effects of communication delay on second-
order consensus of multi-agent systems under the proposed
observer-based protocol: on the one hand, it is shown that the
consensus can be reached only when the communication delay is
less than some critical value; on the other hand, it is found that the
final consensus state is only determined by network topology,
initial state and a model parameter of multi-agent system, indi-
cating that the final consensus state is independent of the
communication delay.

The rest of this paper is organized as follows. Section 2 designs
an observer-based consensus protocol for second-order multi-
agent systems based on position measurements. In Section 3, the
consensus problem is transformed and analyzed via coordinate
transformation. Sections 4 and 5 provide some necessary and
sufficient conditions for reaching second-order consensus in
multi-agent systems without and with time delay, respectively.
Numerical examples are given in Section 6 to verify the theoretical
analysis. Finally, some concluding remarks and future trends are
stated in Section 7.

Notation: Let Zþ , R and C represent the sets of nonnegative
integers, real numbers and complex numbers, respectively. For
zAC, let z, ArgðzÞ, j zj , ReðzÞ and ImðzÞ be its conjugate, principal
argument, modulus, real part and imaginary part, respectively,
where �πoArgðzÞrπ. Denote the imaginary unit by i¼

ffiffiffiffiffiffiffiffi
�1

p
. Let

In be the n-dimensional identity matrix, 1nARn (0nARn) be the
vector of all ones (zeros), and On be the square matrix with all
entries being zeros. A vector X is called nonnegative and denoted
as XZ0 if all its elements are nonnegative. The determinant of the
square matrix A is denoted by detðAÞ. The traditional sign function
is denoted by signð�Þ.

2. Observer-based consensus protocol for second-order multi-
agent system utilizing position information

In this section, a distributed reduced-order observer-based
approach using position information is proposed to achieve
second-order consensus in coupled harmonic oscillators or cou-
pled double integrators.

Consider the following multi-agent system composed of N
identical agents with second-order dynamics:

_xiðtÞ ¼ viðtÞ

_viðtÞ ¼ �αxiðtÞþuiðtÞ; i¼ 1;…;N; ð1Þ
where αZ0 is a constant, xiARn and viARn are the position and
velocity states of the ith agent, respectively, and uiARn is the
control input to be designed to achieve consensus, that is, limt-1
JxiðtÞ�xjðtÞJ ¼ 0 and limt-1 JviðtÞ�vjðtÞJ ¼ 0, 8 i; j¼ 1;…;Nðia jÞ.
For notational brevity, it is assumed n¼1 in this paper. Never-
theless, by using the Kronecker product [38], the theoretical
results can be easily extended to the higher-dimensional case with
nZ2.

It should be noted that each agent in multi-agent system (1) is
a double integrator [4–6] and a harmonic oscillator [25,26] when
α¼ 0 and α40, respectively. Hence, a class of second-order multi-
agent systems can be generalized by the network model (1).

Let G be the digraph describing the topology of network (1). Let
A¼ ðaijÞN�N be the adjacency matrix associated with G whose off-
diagonal elements are defined as follows: if there is a directed link
from node j to node i (ia j), then aij40; otherwise aij ¼ 0. In this
paper, the graph G is assumed to be simple without self-loops, that
is, aii ¼ 0 for all i¼1,…,N. On the basis of the adjacency matrix A,
the Laplacian matrix L¼ ðlijÞN�N is given by: lij ¼ �aijr0ðia jÞ and
lii ¼

PN
j ¼ 1;ja i aij [2,4,5].

In [11], Li et al. proposed a distributed reduced-order observer-
based consensus protocol for delay-free multi-agent systems with
general linear dynamics by using the outputs of the agents.
Inspired by the work in [11] and the technique for Luenberger
reduced-order observer [39], we design the following observer-
based approach for reaching consensus in network (1) based on
delayed position states:

_wiðtÞ ¼ �αxiðtÞ�xiðtÞ�wiðtÞþuiðtÞ;

uiðtÞ ¼ ðk1þk2Þ
XN

j ¼ 1;ja i

aijðxjðt�τÞ�xiðt�τÞÞ

þk2
XN

j ¼ 1;ja i

aijðwjðt�τÞ�wiðt�τÞÞ; i¼ 1;…;N; ð2Þ

where wiAR is the state of the observer, τZ0 is the commu-
nication delay, aij is the (i,j)-th element of the adjacency matrix A,
k1 and k2 are the coupling strengths to be designed.

Remark 1. For each agent in network (1), letting zi ¼ ðxi; viÞT , one
has _zi ¼ AziþBui; yi ¼ Czi; i¼ 1;…;N, where A¼ 0

�α
1
0

� �
, B¼ 0

1

� �
and C ¼ 1 0ð Þ. It is easy to verify that the matrix pair ðA;B;CÞ is
controllable and observable. In Ref. [39], some techniques have
been proposed to design reduced-order observers for linear time-
invariant systems. Considering the formula (3.5) in Ref. [39] and
the structure of matrices A, B and C, let A11 ¼ 0, A12 ¼ 1, A21 ¼ �α,
A22 ¼ 0, B1 ¼ 0 and B2 ¼ 1. Then one can develop observer-based
protocol (2) on the basis of the delayed position information.

Remark 2. Note that algorithm (2) is a kind of reduced-order
observer-based protocol for multi-agent system (1) based on
position states of the agents, and provides a unified approach to
solve the second-order consensus problem for multi-agent sys-
tems composed of either double integrators or harmonic oscilla-
tors. In particular, the traditional separation principle in control
theory still holds for the observer-based protocol (2), which will be
further discussed in Remark 5.

Let xðtÞ ¼ ðx1ðtÞ;…; xNðtÞÞT , vðtÞ ¼ ðv1ðtÞ;…; vNðtÞÞT and wðtÞ ¼
ðw1ðtÞ;…; wNðtÞÞT . By the definition of Laplacian matrix, the closed-
loop network with dynamics (1) and (2) can be written as

_xðtÞ ¼ vðtÞ
_vðtÞ ¼ �αxðtÞ�ðk1þk2ÞLxðt�τÞ�k2Lwðt�τÞ
_wðtÞ ¼ �ðαþ1ÞxðtÞ�wðtÞ�ðk1þk2ÞLxðt�τÞ�k2Lwðt�τÞ: ð3Þ
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