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a b s t r a c t

Reachability query is a fundamental problem on networks currently emerging in various application
domains. However, very little existing work has studied reachability with label constraints imposed on
the edges/vertices of graphs. In this paper, we study the problem of answering Label-Constraint
Reachability (LCR) in a labeled directed graph, i.e., whether a directed path confined to a given label
set from a source query vertex to a target query vertex in the input graph exists. We propose a model
called the Bipartite Hierarchical (BiHi) to speed up the LCR computation. The BiHi model adopts a
representation organized as hierarchies of bipartitions, and a vertex-cover-based algorithm to label the
to-most remaining subgraph. In addition, by extending the two-hop labeling, the BiHi model introduces
a top-down hierarchical labeling strategy to compress the index. Extensive theoretical analyses and
experimental investigations on both real-life and synthetic datasets demonstrate that our method can
reduce the memory cost and construction time of index construction while maintaining high query
processing efficiency.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Graphs are common in real-life settings: web-links [1], mobile networks [2], road networks [3], social networks [4], and social media [5],
to name a few. In fact, graphs are becoming an essential tool in modeling sophisticated entities and their interactions. Among many types of
graph queries, graph reachability query has been the most fundamental research problem, which asks whether a path exists from one entity
to another. Efficient processing of reachability queries is a critical issue in the graph research field.

In the last several years, answering graph reachability queries has drawn considerable research interest [6]. In short, graph reachability query
methods could be largely classified into three categories [7]: transitive closure compression, hop labeling, and online search. The transitive closure
compression approaches precompute all path-labels between any two vertices; they tend to be fast but can hardly scale to large graphs due to
their high computation cost. The online search methods answer the reachability query in real-time; they are generally slower but can easily scale
to large graphs [8]. The hop labeling method is a trade-off between the transitive closure and online search methods; it is able to deliver more
compact indices than the transitive closure and also offers better query performance than the online search methods.

Furthermore, typical hoping methods include tree cover [9], chain cover [10], dual labeling [11], GRIPP index [12], path-tree cover [13],
2-hop cover [14], and randomized interval labeling [15]. The hop labeling methods utilize intermediary vertices to encode the reachability,
i.e., each vertex u records a list of intermediate vertices it can reach (Lout(u)) and a list of intermediate vertices that can reach it (Lin(u)).
These two sets record all of the necessary information to calculate the reachability of any pair of vertices.

In fact, many real-world graphs are associated with labels on vertices or edges to denote various types of entities or relationships, such
as friendship, support, co-membership, and marriage. One often wants to query the connectivity of a pair of vertices via edges or vertices
of particular types. In many real-world applications, the answers to reachability queries are meaningful only if the edge/vertex labels are
also captured in the reported path, as illustrated by the following application examples.

Transportation network: If a firm plans to ship its products from a factory to a retail store in a distant location by truck. Taking into
account of the public health and safety, a truck is permitted to pass through some places. An LCR query can help to determine whether
there is a feasible delivery route between these two locations.

Biological networks: Metabolism can be viewed as a network of chemical reactions catalyzed by enzymes and connected via their
substrates and products; a metabolic pathway is then a coordinated series of reactions. Given a set of co-regulated genes, finding a path or
pathway that could be formed with the catalyzed reactions can be modeled as the LCR query problem.
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There have been few works considering the label constraint on paths. To balance between storage and construction efficiency, Jin et al.
[16] employ a sampling tree and a partial transitive closure to compress the full transitive closure. During the query stage, a combination
of the tree structure and partial closure is constructed to restore the complete transitive closure between two vertices. However, there are
three limitations of the sampling tree method: (1) A full transitive closure still needs to be computed first, whose time and space
complexity are Oðn3Þ and Oðn2Þ, respectively. (2) A single spanning tree cannot compress the transitive closure greatly, especially for dense
graphs. (3) The construction time of a sampling tree is large even though on it is used small graphs, which becomes worse and
unaffordable for large graphs. Xu and Zou [17] further improve the efficiency of the sampling tree method by removing redundant paths.
Their studies may have been more reasonable if they had abandoned the materialization of the transitive closure.

The path query is closely related to the label-constraint reachability problem. To improve query efficiency, one of the common
techniques is to partition a graph to build a hierarchical structure. The pioneer work can be traced to path computation in navigation
systems. HEPV [18] partitions a large graph into smaller subgraphs and encodes partial paths in a hierarchical manner. By recursively
extracting the reachability backbone from the origin graph [8], one can obtain a multi-level structure, such that non-backbone vertices can
reach backbone vertices in limited steps. When answering reachability queries, lower-level vertices need to go through upper-level
vertices (but not vice versa). Furthermore, by recursively folding an input graph into half each time, the TF-label [19] and IS-label [20] are
used to reduce the label size, thus improving query efficiency greatly. However, graph partition techniques for LCR queries impose many
research challenges, of which we consider two in this paper: (1) how to retain constraint reachability while folding or partitioning a graph;
(2) for non-planar graphs, the number of crossing edges between two subgraphs may be very large, leading to too many boundary vertices
and a large backbone. Jin [21] and Akiba [3] propose a pruning strategy during the breadth-first search for distance labeling, which can be
used to answer distance queries in large networks. However, label-constraint reachability is different from the distance query in that there
will be more than one qualified path between two vertices, making it considerably more complicated.

To address these issues, in this paper, we propose a compressed constraint path index to answer the LCR query. Because a vertex-
labeled constraint can be translated into an edge-labeled constraint, we mainly focus on graphs with the label constraint on edges.
Specifically, the major contributions are summarized as follows:

1. We design a hierarchical model to compute the hop index by exploiting bipartition and independent property, which reduces the size
of the graph and keeps Reach-Label maintenance property recursively.

2. A cover-based 2-hop labeling algorithm is proposed on the topmost remaining graph by exploring a greedy strategy, which utilizes
vertex order and hop coverage.

3. We propose a top-down hierarchical labeling algorithm for index construction and study a LCR query strategy based on the labeling. In
addition, the correctness proof and complexity analyses of the proposed algorithms are given.

4. Extensive experiments on real-life and synthetic networks are conducted. The construction time of our method is orders of magnitude
faster than the traditional transitive closure and sampling tree methods. The proposed algorithm has a comparable or faster query time
than the state-of-the-art methods on large graphs and is in microseconds and remains stable regardless of the network size, density or
constraint label size.

The rest of the paper is organized as follows. Section 2 gives the preliminaries and problem definition. Section 3 gives a detailed
description of the proposed model and algorithms. Section 4 shows our experimental results on real and synthetic networks. We conclude
our paper and offer further study in Section 5.

2. Preliminaries

Definition 1 (Edge-labeled graph). An edge-labeled (directed) graph is defined as a 4-tuple G¼ ðV ; E;L; f eÞ, where V is the set of vertices, E
is the set of edges, L is the set of edge labels, and f e : E↦L defines a mapping function from edges to label set, which assigns each edge eAE
to a label f eðeÞAL. Furthermore, we use L(p) to denote the set of all labels on the path p.

An arbitrary number of labels on a single edge is allowed. This is a reasonable generalized assumption for possible applications. For
example, in a social network, two people may communicate with each other by phone, email or short messaging service. Edges with no
label are permitted, because the relation of arbitrary type is not handled. Generally, self-loops, i.e., edges starting from and ending with the
same vertex with no intermediate vertices, are removed, as one can always reach itself.

Definition 2 (Edge-labeled constraint reachability). Given two vertices u; vAG, and a label set S � L, if there is a path p from vertex u to v

satisfying LðpÞDS, then u can reach v with the label-constraint S, denoted as u⇝
S
v.

Example 1. Throughout the paper, we use Fig. 1 as a running example, where integers represent vertices and, letters and different edge
colors represent edge labels. As an example, vertex 10 can reach vertex 13 with labels fa; cg and fa; bg. Namely, vertex 10⇝

S
13, where

S ¼ fa; cg [ fa; bg. Furthermore, path ð10;7;8;12;13Þ is a fa; bg�path between 10 and 13.

In practice, labels are also associated with vertices to describe entities. Similar to an edge-labeled graph, a vertex-labeled graph is
defined as G¼ fV ; E; L; f vg, where f v : V↦L is a function that assigns labels f vðuÞAL to a vertex uAV . Usually, it is feasible to translate
vertex-labeled constraints to edge-labeled constraints as illustrated in Fig. 2. A path p goes through vertex vi and vj, and their labels are A
and B, respectively. If we wish to translate it into an edge-labeled form, a replaced path p0 should be equipped with labels A and B between
vi and vj. Therefore, for an arbitrary edge eAE ending with vi and vj, we introduce a dummy vertex vk, such that f eðvi; vkÞ ¼ f vðviÞ and
f eðvk; vjÞ ¼ f vðvjÞ. Then, the LCR query on a vertex-labeled graph can be equivalently answered by a query on a edge-labeled graph. As a
result, we mainly focus on the edge-labeled constraint reachability query in the following.

To enhance the readability of this paper, Table 1 lists the symbols frequently used in this paper.
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