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1. Introduction

All graphs considered in this paper are simple and undirected. Let G = (V(G), E(G)) be a graph with vertex set V(E) = {v{,V,,...,V;} and
edge set E(G) ={ej. ey, ..., en}. The adjacency matrix of G, denoted by A(G), is the n x n matrix whose (i, j)-entry is 1 if v; and v; are adjacent
in G and 0 otherwise. Denote D(G) to be the diagonal matrix with diagonal entries dg(v1),dg(V>), ..., dg(vy). The Laplacian matrix of G is
defined as L(G) = D(G) —A(G). Let B(G) denote the vertex-edge incidence matrix of G, which is the n x m matrix whose (i, j)-entry is 1 if v; is
incident to e; and O otherwise. The adjacency matrix and the Laplacian matrix of a graph find use in various aspects of structural analysis,
and the spectrums of these matrices determine significant topological characteristics of graphs, such as energy, clustering and the number
of spanning trees [1,2]. For other undefined notations and terminology from graph theory, the readers may refer to [1] and the references
therein.

Klein and Randi¢ [3] introduced a new distance function named resistance distance based on electrical network theory, and they
viewed G as an electrical network and replaced each edge e of G with a unit resistance, the resistance distance between any two vertices i
and j, denoted by r(G), is defined to be the effective resistance between i and j as computed by Ohm's and Kirchhoff's laws [3]. The
resistance distances attracted extensive attention of physicists, chemists, as well as mathematicians, due to its wide applications. [4-7,11].
For more information on resistance distances of graphs, the readers are referred to the most recent papers [9,10,12-18,26,28-30].

A large amount of graph operations are introduced in [19-22], such as the Cartesian product, the corona and the edge corona. All these
operations are important constructions of different classes networks. It is well known that the subdivision graph S(G) of a graph G is the
graph obtained by inserting a new vertex into every edge of G. Let G; and G, be two vertex disjoint graphs. The following two definitions
come from [21].

Definition 1.1 (See [21]). The subdivision-vertex neighborhood corona of G; and G,, denoted by G;[F]G,, is the graph obtained from S(G;)
and |V(Gy)| copies of G, all vertex-disjoint, and joining the neighbors of the i-th vertex of V(G;) to every vertex in the i-th copy of G,.

* Corresponding author at: Research Center for Complex Systems and Network Science, Department of Mathematics, Southeast University, Nanjing 210096, PR China.
E-mail addresses: liujiabaoad@163.com (J.-B. Liu), jdcao@seu.edu.cn (J. Cao).

http://dx.doi.org/10.1016/j.neucom.2015.04.065
0925-2312/© 2015 Elsevier B.V. All rights reserved.


www.sciencedirect.com/science/journal/09252312
www.elsevier.com/locate/neucom
http://dx.doi.org/10.1016/j.neucom.2015.04.065
http://dx.doi.org/10.1016/j.neucom.2015.04.065
http://dx.doi.org/10.1016/j.neucom.2015.04.065
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2015.04.065&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2015.04.065&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2015.04.065&domain=pdf
mailto:liujiabaoad@163.com
mailto:jdcao@seu.edu.cn
http://dx.doi.org/10.1016/j.neucom.2015.04.065

J.-B. Liu, J. Cao / Neurocomputing 167 (2015) 306-313 307

Definition 1.2 (See [21]). The subdivision-edge neighborhood corona of G; and G,, denoted by G;HG,, is the graph obtained from S(G;)
and |I(Gy)| copies of G», all vertex-disjoint, and joining the neighbors of the i-th vertex of I(G) to every vertex in the i-th copy of G,, where
I(Gy) is the set of inserted vertices of S(Gy).

Bu et al. obtained resistance distances in subdivision-vertex join and subdivision-edge join of graphs [7]. Motivated by the above
results, in this paper we further investigated the resistance distances in G{[-]G; and G;HG,. Comparison to subdivision-vertex join and
subdivision-edge join of graphs, the subdivision-vertex neighborhood corona and subdivision-edge neighborhood corona graphs have
more vertices and edges, it is clear that handling the problems of the generalized inverse representation for Laplacian matrices and the
resistance distances is not an easy task but we deduced it in spectral graph theory approach, which is based on Laplacian generalized
inverse.

The rest of the paper is organized as follows. In Section 2, we provide some lemmas and preliminaries. Main results and application are
proposed in Sections 3 and 4, respectively. We conclude the paper in Section 5.

2. Preliminaries

The Kronecker product A ® B of two matrices A = (ajj)pp, and B = (by),,4 is the mp x nq matrix obtained from A by replacing each
element a;; by a;B. This is an associative operation with the property that (A ® B =AT ® BT, and (A ® B)(C ® D) =AC ® BD whenever the
products AC and BD exist. The reader is referred to [25] for other properties of the Kronecker product not mentioned here.

The Moore-Penrose pseudo-inverse of matrices have numerous applications in singular differential equations, Markov chains and
iterative methods, etc. [27]. We review the definition of A"} inverse of a given matrix A. Let A be a matrix, X is called the {1} inverse of A
and denoted by A", if X satisfies the following condition: AXA = A. [23] Given a square matrix A, the group inverse of A, denoted by A*, is
the unique matrix Xthat satisfies matrix equations AXA =A XAX =X,AX =XA. [7] If A is real symmetric, then A* exists and A* is a
symmetric {1}—inverse of A. In fact, A* is equal to the Moore-Penrose inverse of A since A is symmetric [7].

The Laplacian matrices are singular and the group inverse is exploited in electric network with undirected graphs. For more
information, the readers is referred to [7,24]. It is known that resistance distances in a connected graph G can be obtained from any
{1}—inverse of L(G) by the following lemma [7].

Lemma 2.1 (See [7]). Let G be a connected graph, and (L‘G”),-j denote the (i,j)—entry of Lf;”. Then
ri(G) = (L )i+ (LG ) — (L) — Ly = L)+ LE); — 2Ly
Lemma 2.2 (See [7]). Let M =[4 E] be a nonsingular matrix. If A and D are nonsingular. Then

Mﬁlz

A '4A 'BS'cA™! —A"'BS!
-s'ca™! st

where S=D—CA~'B is the Schur complement of A in M.
The following result is very similar to Lemma 2.2, which is proved in [8], thus it is omitted here.

Lemma 2.3 (See [8]). Let L= [i} E] be the Laplacian matrix of a connected graph. If L, is nonsingular, then
2

Ly L 'SP — L' L,S*
—S*LL! s*

is a symmetric {1}—inverse of L, where S= L3 —LEL{ILZ.
3. Main results

3.1. Laplacian generalized inverse of subdivision-vertex neighborhood corona graphs G{[{G»

We first give the Laplacian generalized inverse of graph G[£G.

Theorem 3.1. Let G; be an rq-regular graph on n; vertices and m; edges, and G- an arbitrary graph on n, vertices, then the following matrix:

T1+T{HSHT, KBTS '+ T{HS3H'KB'S; ! T,HS}
KS; 'B+KS; 'BHS3H'T; Sy '+KS; 'BHS3H'KB'S; ' KS; 'BHS;
SEHTTT KSGH'B's ! sy

is a symmetric {1}—inverse of Li,gc,), Where Ty =(2+2n2) " 'Im, +(2+2n2) 2B'S{'B, Sy =r1ln, —(2+2n) 'BB’, H=1] ® B",K=(2+
2n2) 7", S = (UG2)+T1ln,) ® In, —[1n, @ BIT1[1},® B'].

Proof. Let G; be an arbitrary r;—regular graphs with n; vertices and m; edges, and G, be an arbitrary graphs with n, vertices. Labelling
the vertices of Gi[E1G, as follows. Let I(Gy) ={e1,ea,....em,}, V(G1)={Vv1,V2,...,Vp, } and V(Gy) = {wq,Wa, ..., wp,}. For i=1,2,...,ny, let
wh,wh...,wj, denote the vertices of the i-th copy of G, with the understanding that wj is the copy of w; for each j. Denote

W;= {w},wj?,...,w}“} forj=1,2,....,ny. Then

I(GHUV(GHUIW 1 UW 2 UW,] (1)
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