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Symbolic Aggregate approXimation (SAX) as a major symbolic representation has been widely used in
many time series data mining applications. However, because a symbol is mapped from the average value
of a segment, the SAX ignores important information in a segment, namely the trend of the value change
in the segment. Such a miss may cause a wrong classification in some cases, since the SAX representation
cannot distinguish different time series with similar average values but different trends. In this paper, we
firstly design a measure to compute the distance of trends using the starting and the ending points of
segments. Then we propose a modified distance measure by integrating the SAX distance with a
weighted trend distance. We show that our distance measure has a tighter lower bound to the Euclidean
distance than that of the original SAX. The experimental results on diverse time series data sets
demonstrate that our proposed representation significantly outperforms the original SAX representation
and an improved SAX representation for classification.
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1. Introduction

Mining time series has attracted an increasing interest due to
its wide applications in finance, industry, medicine, biology, and so
on. There are a number of challenges in time series data mining,
such as high dimensionality, high volumes, high feature correla-
tion and large amount of noises. In order to reduce execution time
and storage space, many high level representations or abstractions
of the raw time series data have been proposed. The well-known
representations include Discrete Fourier Transform (DFT) [1],
Discrete Wavelet Transform (DWT) [2], Discrete Cosine Transform
(DCT) [3], Singular Value Decomposition (SVD) [4], Piecewise
Aggregate Approximation (PAA) [5] and Symbolic Aggregate
approXimation (SAX) [6].

The SAX has become a major tool in time series data mining.
The SAX discretizes time series and reduces dimensionality/
numerosity of data. The distance in the SAX representation has a
lower bound to the Euclidean distance. In other words, the error
between the distance in the SAX representation and the Euclidean
distance in the original data is bounded [7]. Therefore, the SAX
representation speeds up the data mining process of time series
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data while maintaining the quality of the mining results. The SAX
has been widely used for applications in various domains such as
mobile data management [8], financial investment [9] and shape
discovery [10].

The SAX representation has a major limitation. In the SAX
representation, symbols are mapped from the average values of
segments. The SAX representation does not consider the trends (or
directions) in the segments. Different segments with similar
average values may be mapped to the same symbols, and the
SAX distance between them is 0. For example, in Fig. 1, time series
(a) and (b) are different but their SAX representations are the same
as ‘feacdb’. This drawback causes misclassifications when using
distance-based classifiers.

The ESAX representation overcomes the above limitation by
tripling the dimensions of the original SAX [11]. To distinguish the
two time series in Fig. 1, the ESAX representation adds additional
symbols for the maximum and minimum points of a segment. The
ESAX representations of time series (a) and (b) are ‘efffe-
caaaacffdbcbb’ and ‘effcefbaafcaadfbbc’ respectively.

We propose to store one value along with a symbol in the SAX to
improve the distance calculation of the SAX. Time series (a) and (b) in
our representation are represented as ‘5,f;,€ 010 _1261d_02b_03’
and ‘)3f _(g€od13C_14doabg3’ respectively. Note that we store one
additional value for the last segment. For the same number of
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Fig. 1. (a) and (b) have the same SAX symbolic representation ‘feacdb’ in the same condition where the length of time series is 30, the number of segments is 6 and the size
of symbols is 6. However, they have different time series. (a) Time series 1, (b) time series 2.

Table 1
A lookup table for breakpoints with the alphabet size from 3 to 10.

5 3 4 5 6 7 8 9 10
p  —043 —067 -084 -097 -107 -115 —122 —128
043 0 ~025 -043 -057 -067 -076 —0.84
by - 067 025 0 ~018 -032 -043 -052
ba - - 084 043 018 0 ~014 -025
fs - - - 097 057 032 014 0

bs - - - - 107 067 043 025
b - - - - - 115 0.76 0.52
A - - - - - 122 0.84
fo - - - - - - - 1.28

segments, our representation doubles the dimensions of the SAX
representation. In contrast, the ESAX triples the dimensions of the SAX
representation. Our presentation improves the precision of calculating
the distances greatly over the SAX and the ESAX representations.

In this work, we have made three main contributions. Firstly,
we present an intuitive trend distance measure on time series
segments. Because of the approximately linear trend in a short
segment, the average value of the segment and its starting and
ending points help measure different trends. Our presentation
captures the trends in time series better than the SAX and the
ESAX representations. Secondly, we propose a distance measure of
two time series by integrating the SAX distance with our weighted
trend distance. Our improved distance measure not only keeps a
lower-bound to the Euclidean distance, but also achieves a tighter
lower bound than that of the original SAX distance. Thirdly,
comprehensive experiments have been conducted to show that,
in comparison with the SAX and the ESAX representations, our
representation has improved the classification accuracy. In addi-
tion, for achieving the best classification accuracy, our representa-
tion has attained a similar dimensionality reduction to the SAX.

The remainder of this paper is organized as follows: Section 2
provides the background knowledge of the SAX. Section 3 reviews
the related work. Section 4 introduces our improved distance
measure and its lower bounding property. Section 5 presents
experimental evaluation on several time series data sets. Finally,
Section 6 concludes the paper and points out the future work.

2. Background

The SAX is the first symbol representation of time series with a
dimensionality reduction and a lower bound of the Euclidean
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Fig. 2. A time series of length 128 is mapped to the word ‘edbaabcd’, where the
number of segments is 8 and the size of alphabetic symbols is 5.

distance. For instance, to convert a time series sequence C of
length n into w symbols, the SAX works as follows. Firstly, the time
series is normalized. Secondly, the time series is divided into w
equal-sized segments by Piecewise Aggregate Approximation
(PAA) [5]. That is, C =¢1, ..., Cw, the ith element of C is the average
of the ith segment and is calculated by the following equation:

w n/wyi
CGi=— > G, (1)
j— mmi+1+1

where ¢; is one point of time series C, j is from the starting point to
the ending point for each segment. Next, the ‘breakpoints’ that
divide the distribution space into a equiprobable regions are
determined. Breakpoints are a sorted list of numbers B=
P1is .., Po_q such that the area under a N(0, 1) Gaussian curve from
pito ;.1 =1/a. A lookup table that contains the breakpoints is
shown in Table 1.

Finally, each region is assigned a symbol using the determined
breakpoints. The PAA coefficients are mapped to the symbols
corresponding to the regions in which they reside. The symbols
are assigned in a bottom-up fashion, i.e. the PAA coefficient that
falls in the lowest region is converted to ‘@’, in the one above to ‘b’,
and so forth. These symbols for approximately representing a time
series are called a ‘word’. Fig. 2 illustrates a sample time series
converted into the SAX word representation.

For the utilization of the SAX in classic data mining tasks, the
distance measure was proposed. Given two original time series Q

and C with the same length n, Q and C are their SAX
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