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a b s t r a c t

In this paper, we consider anti-periodic solutions of high-order Hopfield neural networks (HHNNs) with
time-varying delays and impulses. Sufficient conditions for the existence and exponential stability
of anti-periodic solutions are established by using Krasnoselski's fixed point theorem and Lyapunov
functions with inequality techniques. In the end, example and numerical simulations are given to
illustrate our main results.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

It is well known that the existence of anti-periodic solutions plays a
key role in characterizing the behavior of nonlinear differential
equations (see [1–10]). Due to the fact that high-order Hopfield neural
networks have stronger approximation property, faster convergence
rate, greater storage capacity, and higher fault tolerance than lower-
order neural networks, high-order Hopfield neural networks have
been the object of intensive analysis by numerous authors in recent
years. In particular, there have been extensive results on the problem
of the existence and stability of equilibrium points, periodic solutions,
almost periodic solutions and anti-periodic solutions of high-order
Hopfield neural networks (HHNNs)
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in the literature [11–18,29–33,36–39] and the references therein.

Impulsive differential equations are mathematical apparatus
for simulation of process and phenomena observed in control
theory, physics, chemistry, population dynamics, biotechnologies,
industrial robotics, economics, etc. [19–21]. Consequently, many
neural networks with impulses have been studied extensively, and
a great deal of literature is focused on the existence and stability of
an equilibrium point [22–25]. In [26–28,40], the authors discussed
the existence and global exponential stability of periodic solution
of a class of neural networks with impulse. In [29], the authors
discussed the existence and global exponential stability of
anti-periodic solution of a class of cellular neural networks with
impulse
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However, to the best of our knowledge, there are little results
for the existence and stability of anti-periodic solutions of HHNNs
(1.1) with impulses. Moreover, HHNNs can be analog voltage
transmission, and the voltage transmission process is often
an anti-periodic process. Thus, it is worthwhile to continue
the investigation of the existence and stability of anti-periodic
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solutions of HHNNs with impulses
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where n is the number of units in a neural network, xi(t) corresponds
to the state vector of the i-th unit at time t; ciðtÞ40 represents the
rate with which the i-th unit will reset its potential to the resting
state in isolation when disconnected from the network and external
inputs, aij(t) and bijl(t) are the first- and second-order connection
weights of the neural network, τijðtÞZ0; sijlðtÞZ0 and υijlðtÞZ0
correspond to the transmission delays, Ii(t) denotes the external
inputs at time t, and gj is the activation function of signal transmis-
sion. ci; aij; bijl; gj; τij; sijl; υijl are continuous functions on R; Iik :
R2-R are continuous. τ¼maxtA ½0;ω�fτijðtÞ;sijlðtÞ;υijlðtÞg is a positive
constant. ΔxiðtkÞ ¼ xi ðtþk Þ�xiðtkÞ; xiðtþk Þ ¼ limh-0þ xiðtkþhÞ; xiðtkÞ
¼ lim h-0� xiðtkþhÞ; i¼ 1;2;…; k¼ 1;2;…;n; tkZ0 are impulsive
moments satisfying tkotkþ1 and limk-þ1tk ¼ þ1; Iik charac-
terizes the impulsive function at time tk for i-th unit.

The outline of the paper is as follows. In Section 2, some
preliminaries and basic results are established. In Section 3, we
give sufficient conditions for the existence and exponential stabi-
lity of anti-periodic solutions for system (1.3). In Section 4, we
shall give an example to illustrate our results.

2. Preliminaries and basic results

For the sake of convenience, we introduce the following
notations:
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i ¼ max
0r irn

max
tA ½0;ω�

juiðtÞj;

κi ¼ exp
Z ω

0
ciðθÞ dθ

� �
:

Throughout this paper, we have the following assumptions:
ðH1Þ i; j; l¼ 1;2;…;n; kAN, there exists ω40 such that for uAR

ciðtþωÞ ¼ ciðtÞ; aijðtþωÞgjðuÞ ¼ �aijðtÞgjð�uÞ;
bijlðtþωÞgjðuÞglðuÞ ¼ �bijlðtÞgjð�uÞglð�uÞ; τijðtþωÞ ¼ τijðtÞ;
sijlðtþωÞ ¼ τijlðtÞ; υijlðtþωÞ ¼ υijlðtÞ; IikðtþωÞ ¼ � IikðtÞ; t;uAR:

ð2:1Þ
ðH2Þ For i¼ 1;2;…;n; kAN, there exists a positive integer q

such that IiðkþqÞ ¼ Iik; tkþq ¼ tkþω.
ðH3Þ For each jAf1;2;…;ng, there are nonnegative constants

Lj; j¼ 1;2;…;n and ν such that jgjðuÞjrν; jgjðuÞ�gjðvÞjrLjju�
vj; u; vAR.

ðH4Þ For each iAf1;2;…;ng; kAN, there exist nonnegative
constants dik40 such that

jIikðt;uÞ� Iikðt; vÞjrdikju�vj; tA ½0;ω�; u; vAR:

ðH5Þ There is r41 such that
H¼∑q

k ¼ 1 ∑n
i ¼ 1 ðκi=ð1þκiÞÞdik

� �rh i1=r
o1.
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Let x¼ ðx1; x2;…; xnÞT ARn, where T denotes the transposition.
The initial conditions associated with system (1.3) are given by
the function xðtÞ ¼φðtÞ; tA ½�τ;0�, where φðtÞ ¼ ðφ1;φ2;…;φnÞT ;
φiðtÞ : ½�τ;0�-ð0; þ1Þ; i¼ 1;2;…;n, are continuous with the
norm JφJ ¼ sup�τr tr0ð∑n

i ¼ 1jφiðtÞjrÞ1=r , where r41 is a constant.

Definition 2.1. A function xðtÞ : ½�τ;αÞ-Rn;α40 is said to be a
solution of system (1.3), if

(i) xðtÞ ¼φðtÞ for �τrtr0;
(ii) x(t) satisfies system (1.3) for tZ0;
(iii) x(t) is continuous everywhere except for some tk and left

continuous at t ¼ tk, and the right limit xðtþk Þ exist for
k¼ 1;2;….

Definition 2.2. A solution x(t) of (1.3) is said to be ω-anti-periodic
solution of (1.3), if

xðtþωÞ ¼ �xðtÞ; tatk;

xððtkþωÞþ Þ ¼ �xðtþk Þ; k¼ 1;2;…;

(

where the smallest positive numberω is called the anti-periodic of
function x(t).

Definition 2.3. Let xðtÞ ¼ ðx1; x2;…; xnÞT ARn be an ω-anti-periodic
solution of system (1.3) with initial value φðtÞ ¼ ðφ1;

φ2;…;φnÞT ; φiðtÞ : ½�τ;0�-ð0; þ1Þ; i¼ 1;2;…;n. If there exist
constants λ40 and M41 such that for every solution
xðtÞ ¼ ðx1; x2;…; xnÞT ARn of system (1.3) with any initial value
φðtÞ ¼ ðφ1;φ2;…;φnÞT ; φ iðtÞ : ½�τ;0�-ð0; þ1Þ; i¼ 1;2;…;n

jxiðtÞ�xiðtÞjrMJφ�φ Je�λt ; 8 t40; i¼ 1;2;…;n;

where Jφ�φ J ¼ sup� τr sr0max1r irnjφiðsÞ�φ iðsÞj. Then x(t) is
said to be globally exponentially stable.

Let PCðRnÞ ¼ fx¼ ðx1; x2;…; xnÞT : R-Rn; xjðtk ;tkþ 1 �ACððtk; tkþ1�;
RnÞ; xðtþk Þ and xðtkÞ exist and xðt�k Þ ¼ xðtkÞ; k¼ 1;2;…g. Set X ¼
fx : xAPCðRnÞ; xðtþωÞ ¼ �xðtÞ; xððtkþωÞþ Þ ¼ �xðtþk Þ; tARg. Then X
is a Banach space with the norm JxJ ¼ sup0r trω ð∑n

i ¼ 1jxiðtÞjrÞ1=r .
The proof of the following lemma is similar to [29], for the

completeness, we list it as follows.

Lemma 2.1. Let x¼ ðx1; x2;…; xnÞT be an ω-anti-periodic solution of
system (1.3). Then

xiðtÞ ¼
Z tþω

t
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n
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þ ∑
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#
ds

þ ∑
tr tk o tþω

Giðt; tkÞIikðtk; xiðtkÞÞ;
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where

Giðt; sÞ ¼ �exp
Z s

t
ciðθÞ dθ

� �
=ð1þexp

Z ω

0
ciðθÞ dθÞ

� �
; sA ½t; tþω�;

i¼ 1;2;…;n:
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