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1. Introduction

The neural network proposed by Hopfield in 1980s can be
described by an ordinary differential equation of the form

dx;(t) 1 n .
i C;t = 7R7,‘Xi(t)+j§1 Tijgj(xj(t))+1ia 1<i<n

C

where x;(t) denotes the voltage on the input of the ith neuron; G
denotes the neuron input electric capacity; R; denotes the neuron
transmission resistance; T; denotes the interconnected synaptic
character between neurons and I; denotes the external input
electric current to the ith neuron.

After decades, research on Hopfield neural networks has
advanced greatly. Taking stochastic disturbances and time delays
into consideration are two important aspects of improvements in
Hopfield neural networks. As pointed out by Haykin [1] that in real
nervous systems, synaptic transmission is a noisy process brought
on by random fluctuations from the release of neurotransmitters
and other probabilistic causes. On the other hand, time delays are
unavoidable in hardware implementation, due to the finite switch-
ing speed of amplifiers or finite speed of information processing,
and the existence of time delays may lead to oscillation, diver-
gence, and even instability in network systems [2]. It is therefore
reasonable to consider stochastic neural networks with time
delays. Some results related to this problem have been published,
for example, see [3-14].
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First, we give a typical form of stochastic Hopfield neural networks
with delays, which is also a special case of the neural network models
considered in our previous work|[15]:

dx(t) = [— Bx(t)+Ag(y(t))] dt + a(t, x(t), y(t)) dw(t), (1.1)
where B =diag(by, b, ...,b,) with b; >0 (1 <i<n) and Ae R™";

YO = 10,520, YO, yiO) =xi(t=5(t) 1<i<n) (1.2)

where 6;(t) (1 <i<n) are variable delays. w(t) is an m-dimensional
Brownian motion. In the following, we will improve this model by
adding expectations.

Psychophysical experiments and analysis of the data given by a
linear neuronal model showed that it is reasonable to investigate
mechanism of expectation on probabilistic stimuli [16]. The results
suggest that the expectation is held by synaptic weight of the
neuron and the neural mechanism controlling saccade based on
expectation consists of two pathways working in parallel. One
facilitates saccades based on expectation. The other executes
saccades in response to the saccade signal. Also, [17] pointed out
that a neuron is connected to one another. There is a real number
associated with each connection, which is called the weight of the
connection. A neuron in the output layer determines its activity by
a two step procedure. First, it computes the total weighted input x;,
using the formula: x; = ¥7_ ,y;p;;, where y; is the activity level of
the ith neuron in the previous layer and pj; is the weight of the
connection between the ith and the jth neuron. Hence, we may
introduce expectation Ex;(t) into model (1.1) to describe this
process. Next, the neuron calculates the activity y; by using the
sigmoid function of the total weighted input, and then the
activities of all output units can be determined. The second step
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is described by the term Ag(y(t)). However, we know that Hopfield
neural networks are recurrent, that is, the output of any layer
affects that same layer, so the output perhaps becomes the input.
Hence, we take its weight Ey(t) into consideration. Then we
investigate the following stochastic neural networks in this paper:

dx(t) = [— Bx(t) +Ag(y(t))+ REx(t) + SEy(t)] dt
+a(t,x(t),y(t), Ex(t), Ey(t)) dw(t). (1.3)

Let x(t) (—7 <t < oo) be a solution to Eq. (1.3) with 7 = max;5;(0). £ is
the initial data of x(t) which means that x(6) = £(6) for any 0 € [ -, 0].
We denote x(t, &) the unique solution of Eq. (1.3) with initial data &.
Kloeden and Lorenz [18,19] called equations which are similar to
Eq. (1.3) as a class of mean-field stochastic differential where other
sample paths influence the evolution of a sample path of the solution.
Many applications of neural networks are dependent on the
stability. Stability is therefore an important topic when designing
neural networks. In this paper, we focus on the mean square
exponential stability of model (1.3), namely,
lim supt ! In Ejx(t)]? < —7, (1.4)
t—oo
where y is a positive constant independent of the initial data. Eq.
(1.4) shows that when t — oo, Ex?(t)(1 < i < n) exponentially decays
to zero. Also, we wonder that how the two terms REx(t)+SEy(t)
affect the stability of model (1.3). Roughly stated, our answer is
that: REx(t)+SEy(t) tends to damage the stability of neural
networks. Hence, we can say that to figure out instability pro-
blems, model (1.3) is much better than model (1.1). This also
means that stability results given by model (1.1) may not be
reliable. Model (1.3) perhaps gives more correctly prediction. Our
example in Section 4 will illustrate this phenomenon intuitively.
Methodologically, the semi-martingale convergence theorem
cannot be used anymore, because model (1.3) involves expectations
Ex(t) and Ey(t). Fortunately, we find a method to deal with the
system involving expectations and then obtain our desired results.

2. Preliminaries

For any x e R" and R"-valued function f, we always assume that
X:(X],Xz,...,xn)T, f:(f'lsf29""fl1)T;
diag(x) = diag(x;) = diag(x1, X2, ..., Xn).

Let 7= max;5;(0). Denote that function space C=C(—7,0],R")
with the supremum norm: &Il =sup_,_g-ol&@)(EeC). Let ||
denote the Euclidean norm of vectors or the trace norm of
rriatrices. Denote that A;(t)=t—0;(t) (1 <i<n). Suppose J;(t)e
C'Ry),

0<d6i(t)y<sb<oco (t=0) (2.1)
ni::tin%A;(t) > 0. (2.2)

Eq. (2.2) implies that #; <1 and lim;_, ., A;(t) = co. Obviously, A;(t)
is strictly increasing on [0, c0), and its inverse function A,-’l(s) is
defined on [—;(0), o), and has property that

A7) =1/A/ O <n7 " (s=4y(0),t=0). 23)
Assume that both

g(y) : R"—R"

and

ot,x,y,u,V): Ry x R" x R" x R" x R"—R™™

are Borel measurable functions and satisfy the local Lipschitz
condition. Write that

f(x,y,u,v) = —Bx+Ag(y)+Ru+Sv, 2.4

F(t) = f(x(0), y(0), Ex(0), Ey(1)),  Z(£) = o (£, X(£), y(t), EX(8), EY(1)).

(2.5)
Using (2.5), Eq. (1.3) can be written as
dx(t) = F(t) dt + X (t) dw(t)
or
x(t) =x(0)+ /OtF(s) ds+ /OtZ(s) dw(s). (2.6)

For any given V(x) e C3(R"), t >0 and x,y,u,v e R", define that
LV(t,X,y,u,v) = Vy(X)f(x,y,u,V)
+3 0T (6, X, Y, U VIV (X)T (X, Y, 1, V)], 2.7

where f is given by (2.4). If x(t) is a solution to Eq. (1.3), then
applying the Itd formula and (2.7) we have that

dV(x(t)) = LV(X(t)) + Vx(X() Z(t) dw(t), (2.8)

where LV(x(t)) = LV(t, x(t), y(t), Ex(t), Ey(t)) with y(t) in (1.2) and
2(t) in (2.5).

The following lemma is important whose similar form can be
found in [20], so we omit the proof here.

Lemma 2.1. Let x(t) (—7 <t <oo) be a solution to Eq. (1.3) with
initial data £ e C, 0 < q < &. Suppose that

n L
Pexy)= ¥ ¥ @y =i oK) (xye R 29)

where oy and B, (1 <i<n,1<1<L) are nonnegative constants; b is
given by (2.1) and n; (1 <i<n) is given by (2.2). Then

t
/ eBD.(x(s),y(s)) ds < const for t>0.
0

In this paper, “const” always denotes a positive constant with
different values in different places.

For the convenience of readers, let us cite some useful results
on M-matrices [21].

Definition 2.2. If Q =[q;]e R™" satisfies q; <0 <gq; (i#], i.j=
1,2,...,n), and all eigenvalues of Q have positive real parts, then Q
is called an M-matrix.

Denote that R%, | ={xeR" : x; > 0(1 <i<n)}. We assume that
x>0 <=xeRl .

Lemma 2.3. Let Q=[qy]e R™" satisfy q; <0<q; (i+#], i,j=1,
2,...,n). Then the following statements are equivalent:

(i) Qis an M-matrix.
(ii) There exists ce R". , such that Qc>0.
(iii) All of the leading principal minors of Q are positive.

Remark 2.4. Lemma 2.3 implies that: (i) if Q is an M-matrix, then
both QT and aQ(a > 0) are M-matrices; (ii) M-matrix Q remains as
an M-matrix under tiny disturbances if the condition g; <0<
q; (#1i, i,j=1,2,...,n) holds. (iii) for any given ce R", , diag(c) is
an M-matrix.

We assume that coefficients of Eq. (1.3) satisfy the following
linear growth conditions:

18I < pilyil; (2.10)

n
it XY, V)P < 3 (K] +T4y7 +Aglh] + vy,
j=1

.11)

where t>0; x,y,u,veR"; p;,ky7j4; and u; are nonnegative
constants with i,j=1,2,....n; ¢'=(61,0,,...,0,) with ¢y(1<
i < n) being R™—valued functions.
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