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a b s t r a c t

This paper studies the coordination of nonlinear multi-agent systems with multiple leaders and
stochastic disturbance. Two impulsive control algorithms are proposed to make all agents to track the
convex set determined by the multiple leaders under both fixed and switching topologies. Based on
Lyapunov function and comparison principle of impulsive systems, some results on the convergence of
the controlled systems are obtained. Finally, some numerical simulations demonstrate the validity of the
proposed control algorithms.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Recent years, there has been an increasing interest in studying
the consensus problem of multi-agent systems as its important
applications in real world, such as sensor networks [1], unmanned
air vehicle formations [2], power systems [3,4], and fault estima-
tion [5,6]. Consensus means the state of agents achieves agree-
ment on certain features through only local interaction. Many
results have been derived for consensus of multi-agent systems
with different special features, such as time delay [7], switching
topologies [8–10], quantization [11–13], and uncertain [14]. For
different systems, many kinds of effective control algorithms,
including adaptive control [15], impulsive control [7,16–18] and
pinning control [19], were reported to make multi-agent systems
achieve consensus.

In the above-mentioned works, multi-agent systems are lea-
derless or only with one leader. However, the consensus problem
in multi-agent systems with multiple leaders, which called con-
tainment control, has been intensively investigated very recently.
In [20], the containment control problem that makes all agents
track the convex polygon formed by the leaders was proposed.
Then, Li et al. [21] and Liu et al. [22] studied the dynamic/static
linear multi-agent system with fixed topology via continuous
feedback control. Taking account of the switching communication

topology, Cao et al. investigated the containment control of the
multi-agent systems with stationary or dynamic leaders in [23],
and Li et al. [24] proposed a distributed switching control law for
the system with Markovian switching network topologies and
measurement noises. While, for the second-order dynamics, Meng
et al. [25] discussed the containment control problem of the
multiple rigid bodies, and Lou et al. [26] proposed a containment
control algorithm for the system with random switching topology.
In general, most of the literatures drive followers to the convex
space determined by the leaders via continuous control. However,
the continuous control strategies are impractical and not cost-
effective in some situations.

On the other hand, impulsive control is an effective discontin-
uous control strategy. Different from the continuous control, the
impulsive control only needs to change the state of the system
instantaneously at specific instants. Therefore, the impulsive con-
trol algorithm has so many advantages, such as flexibility, cost-
effectiveness and quick response, that it has been widely applied
to the synchronization and consensus problem of multi-agent
systems [7,27–29].

Moreover, multi-agent systems often work in complex envir-
onment so that external disturbance is unavoidable. Therefore,
stochastic disturbance is a vital issue that needs to be taken into
consideration when modeling a multi-agent system. In fact, lots of
studies on stability and synchronization of multi-agent systems
with leaderless or one leader and stochastic disturbance have been
done [30–33]. However, how to achieve the coordination of
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nonlinear multi-agent systems with multiple leaders and stochas-
tic disturbance is still an unsolved problem.

Motivated by the preceding discussion, this paper studies the
coordination of nonlinear multi-agent systems with multiple
leaders and stochastic disturbance via impulsive control. Two
impulsive controls are proposed to drive all agents of the non-
linear multi-agent system under both fixed and switching topol-
ogies to track the convex set determined by leaders, and some
results are derived based on the impulsive systems, comparison
principle and Lyapunov method.

The rest of this paper is structured as follows. Some basic
notions and preliminaries about the graph are given in Section 2.
The coordination of nonlinear multi-agent systems with multiple
leaders and stochastic disturbance under fixed topology via
impulsive control algorithm is discussed in Section 3. While the
multi-agent system under switching topology is discussed in the
following Section 4. Some numerical simulations are presented in
Section 5. The conclusion is shown in the final.

2. Preliminaries

Throughout the paper we will use the following notations. Let
R and N represent the set of real numbers and positive integers,
respectively. Rn�n denotes an n� n matrix and Rn is the n-
dimensional vector. JxJ denotes the Euclidean norm of vector
xARn. For AARn�n; λmax Að Þ and λmin Að Þ denote the maximum and
minimum eigenvalues of A, respectively. Let Ω;F ; fF tg;P

� �
be a

complete probability space with filtration fF tgtZ0 which satisfies
that the filtration contains all P-null sets and is right continuous.
Denoted by L0

F0
�d;0
� �

;Rn� �
, the family of all F 0-measurable

PC �d;0
� �

;Rn� �
-valued random variables ϕ¼ fϕ sð Þ : �drsr0g

such that sup�dr sr0E‖ϕ sð Þ‖2o1, where E �ð Þ represents the
mathematic expectation of corresponding variable.

Next, we will introduce some basic concepts and results about
algebraic graph theory. Let G V; E;Að Þ denote a graph, where
V ¼ f1;2;…;Ng is the set of the nodes, EDV � V is the set of edges
and A¼ faijg is the adjacency matrix. If there exists an edge from vi
to vj, i.e., vi; vj

� �
AE; aij40, otherwise aij ¼ 0, and the diagonal

entries of A are zeroes, i.e., aii ¼ 0. An edge is undirected if
vi; vj
� �

AE is equal to vj; vi
� �

AE. A path from vs to ve is a sequence
of ordered edges vs; vp1

� �
; vp1; vp2
� �

;…; vpk; ve
� �

, where vs; vp1
� �

;

vp1; vp2
� �

;…; vpk; ve
� �

AE. Gs Vs; Es;Asð Þ denotes a subgraph of G,
where VsDV; EsDE. The Laplacian matrix L¼ Lij

� �
An�n is defined

as

Lij ¼
XN
j ¼ 1

aij; i¼ j;

�aij; ja i:

8>><
>>:

In this paper, we consider a nonlinear multi-agent system with
stochastic disturbance that consists of N agents. The dynamic
model of agent i can be described by the following differential
equation:

dxi tð Þ ¼ hðxi tð Þ; xi t�d1 tð Þð ÞÞ dtþg xi tð Þ; xi t�d2 tð Þð Þð Þ dw tð Þ ð1Þ

where i¼ 1;…;N; xi ¼ xi1; xi2;…; xin½ �T ARn is the state vector of
the agent i. d1 tð Þ and d2 tð Þ are the time delay and they are
bounded, i.e., 0rd1 tð Þrd1;0rd2 tð Þrd2. w tð Þ ¼ w1 tð Þ;…;ð
wn tð ÞÞARn is an Weiner process defined in Ω;F ; F tf g;P� �

. g :

Rþ � Rn-Rn�n and h : Rþ � Rn � Rn are the disturbance inten-
sity and continuous nonlinear function, respectively.

The initial conditions of system (1) are given by

xi tð Þ ¼ϕi tð Þ; �drtr0; iAF [ L: ð2Þ

where d¼maxðd1; d2Þ.
Assume that there are M followers and N�M leaders in the

network. The set of followers and leaders are denoted by
F9 1;2;…;Mf g and L9 Mþ1;…;Nf g, respectively. An agent is a
follower means that it can receive information from others and its
state can be controlled. Otherwise, the agent is a leader. A graph
G V; E;Að Þ is used to model the communication topology among
agents. Let Gs Vs; Es;Asð Þ denote the communication between
followers, therefore Gs is a subgraph of G, Vs ¼ F and EsAE.

The objective of this paper is to design a distributed impulsive
control to drive the followers to a convex polygon formed by the
leaders, which is called the containment control problem. Accord-
ing to [34], the containment control is given as follows.

Definition 1. For any iAF and jAL, there exists aijZ0 andPN
j ¼ 1 a

i
j ¼ 1, such that

lim
t-1

E xi tð Þ�
XN
j ¼ 1

aijxj tð Þ
0
@

1
A¼ 0; ð3Þ

then, the nonlinear multi-agent system (1) is said to achieve
containment control in mean square, that is the mean square of
the states of the followers asymptotically converges to the convex
hull formed by the mean square of states of the leaders.

The following propositions are listed for the main results.

Proposition 1. The communications between the followers are
undirected, and each follower has a directed path to at least one
leader.

Remark 1. When the communication between the followers is
directed, the eigenvalues of the Laplacian matrix of the followers
are complex numbers. This makes the calculation very complex
and hard to get the right result, hence, in this paper we only
consider the situation of undirected and we will further discussion
the situation of directed in the future.

The Laplacian matrix of the graph G is denoted by L. Based on
the property of the leaders and the followers, there are no
communication between the leaders and L can be written as the
following form:

L¼
L1 L2

0 N�Mð Þ�M 0 N�Mð Þ� N�Mð Þ

" #

where L1ARM�M is the Laplacian matrix of the followers (L1 is the
Laplacian matrix of Gs), and L2ARM� N�Mð Þ denotes the commu-
nication topology between the followers and the leaders.

Proposition 2 (Jie et al. [35]). The nonlinear function h t; x; yð Þ
satisfies the following condition:

Jh t; x; yð Þ�
XN�M

j ¼ 1

ljh t; xj; yj
� �

JrK Jx�
XN�M

j ¼ 1

ljxj JþQ Jy�
XN�M

j ¼ 1

ljyj J

for any x; yARn and ljZ0,
PN�M

j ¼ 1 lj ¼ 1, where K and Q are two
nonnegative constants.

Remark 2. This proposition ensures the containment control to be
achieved. It can be applied to all linear function and some
nonlinear function, such as x sin tð Þ; x cos t2

� �
. If the proposition

holds, the Lipschitz condition of the function f ð�Þ holds and it
ensures the existence and uniqueness of the solution of the
system.
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