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a b s t r a c t

Decision making by a committee may be modelled by simple games. Some of the committee's members
are equipped with a veto, i.e. they may stop an action temporarily or permanently (by transforming a
winning coalition into a losing coalition). A classification of such committees and of power indices is
presented in this paper. Special emphasis is given to particular characteristics of winning coalitions and,
in consequence, to a priori power indices and conditions for their stability from the perspective of both
axioms and parameters.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

The analysis of vetoes in committee decision making has a wide
spectrum of aspects. From a political science approach (for example:
Tsebelis [14] and the state-of-the-art paper of Ganghof [8]), through
game theoretical analysis (see for example [10,11] to practical
evaluation of the influence of veto power on a decision with special
emphasis placed on evaluating the power of a player (power
indices). The last approach may be seen, for example, in [6,7,9].

This article has three related goals. First, we want to classify
observed cases of veto power during decision making depending
on the number of vetoers and on the type of veto, focusing
especially on differences between types of vetoes. In doing this,
we carry out an analysis of both conditional vetoes and uncondi-
tional vetoes. Second, we try to estimate the number of winning
coalitions according to the types of veto available and the number
of vetoers. Finally, we try to derive conditions for the stability of
power indices with respect to changes in the number of winning
coalitions and the particular set of axioms used.

Almost all a priori power indices are defined as the ratio between
the number of particular winning coalitions (with restrictions
following from the assumptions made) to the number of all possible

coalitions (sometimes majority coalitions only). Therefore, knowing
the number of winning coalitions allows us to evaluate a given
power index and, what is probably more useful, lets us estimate the
likelihood of adopting new acts. Consequently, in practice, the
number of winning coalitions including a particular decision-
maker will be a measure of the power of that decision-maker acting
under various voting procedures. This will help us to choose an
appropriate voting system. Such analytical evaluation has not been
met in the literature up to now, except for NP-hard permutation
algorithms and ad hoc analysis of a committee's regulations.

The article is set up as follows. The next section outlines the
concepts of simple games with veto and power indices. Section 3
considers the concepts of conditional veto and unconditional veto
and gives three practical examples. Section 4 presents sets of
axioms for power indices (and we show that substantial differ-
ences may exist between power indices for committees with veto
from those for committees without veto) and a classification of
cases depending on a veto's type, on the number of vetoers and on
whether yes–no or yes–no–abstain voting is used. Section 5 is
devoted to the stability of power indices. Finally, there are some
conclusions and suggestions for future research.

2. Preliminaries

Let N be a finite set of committee members, q be a quota and wj

be the voting weight of member j, where jAN.
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In this paper, we consider a special class of cooperative games
called weighted majority games. A weighted majority game G is
defined by a quota q and a sequence of nonnegative numbers wi,
iAn, where we may think of wi as the number of votes, or weight,
of player i and q as the threshold or quota needed for a coalition to
win. We assume that q and wj are nonnegative integers. A subset
of players is called a coalition.

A game on N is given by a map v: 2N-R with v(∅)¼0. The
space of all games on N is denoted by G. A coalition TA2N is called
a carrier of v if v Sð Þ ¼ v S\Tð Þ for any SA2N . The domain SG� G of
simple games on N consists of all vAG such that:

(i) v Sð ÞAf0;1g for all SA2N ;
(ii) v Nð Þ ¼ 1;
(iii) v is monotonic, i.e. if S� T then vðSÞrvðTÞ.

A coalition S is said to be winning in vASG if v Sð Þ ¼ 1 and losing
otherwise. Therefore, passing a bill, for example, is equivalent to
forming a winning coalition consisting of voters. A simple game (N,v)
is said to be proper, if and only if the following is satisfied: for
all T�N, if v Tð Þ ¼ 1 then v N\Tð Þ ¼ 0 .

We analyse only simple and proper games where players may
vote either yes–no or yes–no–abstain, respectively.

We shall denote a committee (weighted voting body1) with set
of members N, quota q and weights wj, jAN by ðN; q;wÞ½ ¼
ðN; q;w1;w2; :::;wnÞ�. We shall assume that the wj are nonnegative
integers. Let t ¼ ∑n

j ¼ 1wj be the total weight of the committee.
Let V denote the set of all committee members equipped with a

veto. We assume that the cardinality of the set V, V �N, is equal to
or greater than 1, i.e. card Vð Þ ¼ cvZ1 .

A power index is a mapping φ : SG-Rn. For each iAN and
vASG , the ith coordinate of φ vð ÞARn; φ vð ÞðiÞ, is interpreted as the
voting power of player i in the game v. In the literature, there are
two dominant power indices: the Shapley–Shubik power index
and the Banzhaf power index. Both are based on the concept of the
Shapley value.

The Shapley–Shubik power index [13] for a simple game is the
value φ : SG-Rn, v- φSS

1 vð Þ; φSS
2 vð Þ; …;φSS

n vð Þ� �
, where for all iAN,

card fNg ¼ n; card Sf g ¼ s and

φSS
i vð Þ ¼ ∑

S � N;i=2S

s! n�s�1ð Þ!
n!

ð1Þ

The Banzhaf power index [2] for a simple game is the value:
φ : SG-Rn; v- φB

1 vð Þ; φB
2 vð Þ; …;φB

n vð Þ� �
, where for all iAN;

card fNg ¼ n; card Sf g ¼ s and

φB
i vð Þ ¼ 1

2n�1 ∑
SDN\fig

½v S[ i
� �� ��v Sð Þ� ð2Þ

The above definitions of power indices are directly obtained
from characteristic function games, based on the marginal increase
in vwhen a given committee member joins a coalition. In the paper
by Turnovec et al. [15], one can find a description of power indices
that does not use game theory, but is based on the concept of
permutations and their probability. Using either approach, the
calculations involved are based on the set of winning coalitions.
Hence, in the following chapter we will evaluate the number of
such coalitions and its influence on the power index.

If a given committee member can transform any winning coali-
tion into non-winning by using a veto, then that veto is said to be of
first degree.

If the veto of a given committee member turns some, but not
all, winning coalitions not including that member into non-
winning coalitions, then that veto is defined to be of second

degree [10]. This type of veto is illustrated by the examples in the
following section.

3. The concept of veto

The two types of veto considered can be illustrated by the
following examples:

Example I: Suppose that we wish to send a signal from A to B
using the connections numbered from 1 to 5. Each of these
connections can be either functioning or non-functioning. In order
to transmit the signal, there needs to be a sequence of functioning
connections starting at A and finishing at B (Fig. 1). Hence, for a
signal to be transmitted

i) connection 3 must be functional,
ii) at least one of connections 1 and 2 must be functional,
iii) at least one of connections 4 and 5 must be functional.

It follows that at least 3 of the five connections must be
functional to transmit the signal, but not all sets of connections
satisfying this condition lead to the transmission of the signal. The
sets of functional connections which lead to the signal being
transmitted are as follows:{1,2,3,4,5}, {1,2,3,4}, {1,2,3,5}, {1,3,4,5},
{2,3,4,5}, {1,3,4}, {1,3,5}, {2,3,4}, {2,3,5}.

Consider a voting game based on this scenario in which the
connections represent voters, each voter has a single vote and the
event “a vote is passed” corresponds to the signal being trans-
ferred in the situation described above. Let the quota be 3 and
assume that the players have the following veto powers:

a) player 3 can successfully veto any coalition,
b) player 1 (or player 2) can veto the coalition {3,4,5} (but e.g.

player 1 cannot veto the coalition {2,3,4}, neither can player
2 veto the coalition {1,3,4}),

c) player 4 (or player 5) can veto the coalition {1,2,3} (but e.g.
player 4 cannot veto the coalition {2,3,5}, neither can player
5 veto the coalition {1,3,4}).

Hence, player 3 has a veto of first degree and the remaining
players have a veto of second degree. It can be seen that if we
assume that the players outside of a coalition use their veto (rather
than abstaining), then the set of winning coalitions coincides
exactly with the sets of functional connections which lead to the
signal being transmitted in the scenario above.

Let P denote a coalition structure P ¼ fP1; P2;…; Pmg over N, i.e. a
partition of N, that is [m

k ¼ 1Pk ¼N and Pk\Ph ¼∅ when kah. A
coalition structure with power of veto Pv¼ fP1;…; fjg;…; Pmg over
N for j¼1,…, m is a coalition structure P where at least one
coalition consists of a singleton and at least one of the singletons
has power of veto. The veto can be of first or second degree.

Example II: One possible partition of the Security Council of
the UN (SC) is P ¼ fP1g; P2f g; P3f g; P4f g; fP5g; fNP6;…;NP15ggf , where
each permanent member Pi has power of veto and the rest of the
SC's members create a coalition. Of course, in this example
different combinations of partitions are also possible. The classical
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Fig. 1. Transfer of a signal between points A and B.

1 This comes directly from the definition of a weighted game.
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