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a b s t r a c t

This paper addresses a neural network-based formation control of underactuated AUVs with limited
torque input under environmental disturbances in three-dimensional space. For this purpose, a second-
order dynamic model is developed based on a coordinate transformation for underactuated AUVs. Then,
a saturated formation controller is proposed by employing saturation functions in order to bound closed-
loop error variables. This technique effectively reduces the risk of actuators saturation by decreasing the
amplitude of generated control signals. Multi-layer neural networks are combined with an adaptive
robust control strategy to deal with the actuator saturation and model uncertainties including unknown
vehicle parameters, approximation errors, and constant or time-varying environmental disturbances
induced by waves and ocean currents. A Lyapunov synthesis is used to guarantee semi-global uniform
ultimate boundedness of tracking errors for all AUVs. Finally, simulation results demonstrate the per-
formance of the proposed formation controller.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

Autonomous underwater vehicles (AUVs) are widely utilized in
robotic and ocean engineering for different purposes such as
search, exploration, surveillance, reconnaissance, rescue opera-
tions, oceanographic mapping, ocean floor survey, oil and gas
extraction, geological sampling, mine-sweeping, and deep sea
archeology. Accordingly, the motion control and navigation of such
systems are of great importance to operate autonomously in the
ocean environment. The formation control of multiple vehicles is
related to designing a stabilizing or tracking controller to make a
group of vehicles to maintain desired positions and orientations
relative to one or more reference points [1–8]. This cooperative
motion control provides more efficiency, robustness and redun-
dancy than a single vehicle. There exist some popular approaches
including behavioral-based [1] virtual structure [2], or leader-
following strategies [3,4]. However, AUVs are often under-
actuated in practice which means that the number of their
actuators is fewer than their degrees-of-freedom (DOF). This
characteristic increases the degree of complexity in the design of
formation controllers for such vehicles. Yang and Gu [8] have
proposed a nonlinear formation-keeping and mooring controller
for multiple AUVs. In [9], the leader-following formation control of
AUVs has been addressed for a planar motion. In [10], the coor-
dination control of underactuated omni-directional intelligent

navigators has been addressed in three-dimensional space. Millan
et al. [11] proposed a virtual leader-based formation controller for
multiple AUVs in presence of communication delays. The forma-
tion control problem of underwater vehicles with time delays has
also been addressed in [12] by using a decoupled controller. Park
[13] proposed an adaptive formation controller for underactuated
AUVs. Adaptive coordinated tracking control of multiple autono-
mous underwater vehicles has been addressed in [14] as well.
However, most of these works are not applicable to the three-
dimensional formation control of multiple AUVs. Ma and Zeng [15]
have proposed a distributed formation controller for 6-DOF AUVs.
However, their proposed controller is not applicable to under-
actuated underwater vehicles.

Another shortcoming of previous works [8–15] is that they
assume that AUV actuators are capable of tolerating any level of
input signals and generate the necessary level of torque signals.
However, large amplitudes of generated control signals may force
the actuators to go beyond their natural capabilities which may
lead to their saturation in practical situations. The actuator
saturation is not desirable in practice and it may deteriorate the
tracking performance of the proposed controller especially in the
transient response. In addition, long-term saturation may lead to
thermal, electrical or mechanical failures of the actuators. One
solution to improve this situation is bounding of the closed-loop
error variables by applying a saturation function in the design of
the tracking controller. This paper addresses the above mentioned
problems for autonomous underwater vehicles.
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To the best of author's knowledge, three-dimensional forma-
tion control of underactuated AUVs with actuators saturation has
not been addressed sufficiently in the literature. Toward this end,
this paper proposes a saturated formation tracking controller to
solve this problem in three-dimensional space for the first time.
For this purpose, a coordinate transformation is introduced based
on a 5-DOF AUV model which contains all posture variables to
incorporate the AUV dynamics in all directions and to involve all
control inputs. This transformation helps us derive a new second-
order formulation for the AUV model. The main contributions of
this paper are listed as follows. (i) Compared with the previous
works [8–15], the risk of actuators saturation is reduced by using
saturation functions and neural networks in the design of the
controller, which improves the transient response of the formation
control system. (ii) According to the existing literature [8–15],
there are a few works which solve three-dimensional formation
tracking control of multiple underactuated autonomous under-
water vehicles. This problem is addressed in this paper by
employing a 5-DOF AUV model and a coordinate transformation.
(iii) A multi-layer neural network and adaptive robust control
techniques are used to compensate the saturation nonlinearity,
uncertain parameters, unmodeled dynamics and environmental
disturbances due to waves, wind and ocean currents.

The rest of the paper is arranged as follows. The problem for-
mulation is presented in the next section. A variable transforma-
tion is introduced to develop a second-order leader-following
formation model which plays a key role in the design of the for-
mation controller. In Section 3, a saturated formation controller is
proposed. Then, a Lyapunov-based stability analysis is presented in
Section 4. Section 5 provides simulation examples to show the
effectiveness of the proposed formation controller. Section 6 dis-
cusses on the tuning of NN-based control parameters. Finally,
conclusions are drawn in Section 7.

2. Problem formulation

2.1. Notations

Throughout this paper, λmaxð�Þ (λminð�Þ) represents the largest
(smallest) eigenvalue of a matrix. ‖x‖ :¼

ffiffiffiffiffiffiffiffi
xTx

p
represents Eucli-

dean norm of a vector xAℜn, while the norm of a matrix A is

denoted by the induced norm ‖A‖ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λmaxðATAÞ

q
. Frobenius norm

of a matrix is given by ‖A‖F :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trfATAg

q
where trf�g shows the

trace operator. The matrix In denotes n-dimensional identity
matrix. aif gNi ¼ 1 represents a set of ai, i¼ 1;2;…;N. To simplify the
subsequent control design and its stability analysis, the following
notations are used: sðηÞ :¼ ½ s1ðη1Þ; s2ðη2Þ;…; snðηnÞ�T and
s
0 ðηÞ ¼ diag½s01ðη1Þ;…; s01ðηnÞ�, where η¼ ½η1; η2;…;ηn�T Aℜn, diag
[●] denotes a diagonal matrix, skð�Þ; k¼ 1;…;n and s0kð�Þ denote
saturation functions and their derivatives, respectively. In addition,
ℜþ denotes positive real numbers.

2.2. Kinematic and dynamic models of AUVs

Consider a group of N underactuated autonomous underwater
vehicles whose 5-DOF kinematic model is defined as follows
[17,18]:

_ηi ¼
_η1i

_η2i

" #
¼

T1iðη2iÞ 0
0 T2iðη2iÞ

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Tiðη2iÞ

v1i
v2i

" #
|fflfflffl{zfflfflffl}

vi

; i¼ 1;2;…;N; ð1Þ

where T1iðη2iÞ and T2iðη2iÞ are given by

T1iðη2iÞ ¼
cos ðψ iÞ cos ðθiÞ � sin ðψ iÞ sin ðθiÞ cos ðψ iÞ
sin ðψ iÞ cos ðθiÞ cos ðψ iÞ sin ðθiÞ sin ðψ iÞ
� sin ðθiÞ 0 cos ðθiÞ

2
64

3
75;

T2iðη2iÞ ¼
1 0
0 1= cos ðθiÞ

" #
: ð2Þ

In addition, their dynamic model is described by the following
equations

_ui ¼
m22i

m11i
viri�

m33i

m11i
wiqi�

d11i
m11i

uiþ
1

m11i
τsui�

1
m11i

τwuiðtÞ;

_vi ¼ �m11i

m22i
uiri�

d22i
m22i

vi�
1

m22i
τwviðtÞ;

_wi ¼
m11i

m33i
uiqi�

d33i
m33i

wi�
1

m33i
τwwiðtÞ;

_qi ¼
m33i�m11i

m55i
uiwi�

d55i
m55i

qi�
ρig∇GMLi sin ðθiÞ

m55i

þ 1
m55i

τsqi�
1

m55i
τwqiðtÞ;

_ri ¼
m11i�m22i

m66i
uivi�

d66i
m66i

riþ
1

m66i
τsri�

1
m66i

τwriðtÞ; ð3Þ

where xj; yj; zj;θj and ψ i denote the positions (i.e. surge, sway,
heave displacements), and orientations (i.e. pitch and yaw angles),
respectively, in the earth-fixed frame, which are denoted by the
vector ηi ¼ ½ηT

1i;ηT
2i�T where η1i ¼ ½xi; yi; zi�Tand η2i ¼ ½θi;ψ i�T . The

signals ui; vi; wi; qi and ri represent the surge, sway, heave, pitch
and yaw velocities in the body-fixed frame which are denoted by
the vector vi ¼ ½vT

1i; v
T
2i�T where v1i ¼ ½ui; vi; wi�Tand v2i ¼ ½qi; ri�T .

The signals τsui; τsqi and τsri are the torque inputs which are pro-
vided by the actuators, τwuiðtÞ; τwviðtÞ; τwwiðtÞ; τwqiðtÞ; τwriðtÞAℜ
are bounded time-varying disturbances and unmodeled dynamics,
mii; i¼ 1;…;5 denote the mass and inertia parameters of AUV,
dii; i¼ 1;…;5 are damping coefficients and other symbols are
referred to [17] and [18]. It should be noted that models (1) and (3)
are valid when AUVs are operating at low speeds and are equipped
with independent internal or external roll actuators [18].

To simplify the controller design in the next section, the kine-
matic model (1) is expressed in the actuated degrees of freedom as
follows:

_ηi ¼ SiðηiÞυiþδiðηi;wiÞ; ð4Þ
where SiðηiÞ is a new kinematic matrix, υi ¼ ½ui; qi; ri�T and wi ¼
½vi;wi�T are considered as new velocity vectors in the actuated and
unactuated directions, respectively, and δiðηi;wiÞAℜ5 denotes a
vector of kinematic disturbances which are defined by

SiðηiÞ ¼

cos ðψ iÞ cos ðθiÞ 0 0
sin ðψ iÞ cos ðθiÞ 0 0
� sin ðθiÞ 0 0

0 1 0
0 0 1= cos ðθiÞ

2
6666664

3
7777775;

δiðηi;wiÞ ¼

�vi sin ðψ iÞþwi sin ðθiÞ cos ðψ iÞ
vi cos ðψ iÞþwi sin ðθiÞ sin ðψ iÞ

wi cos ðθiÞ
0
0

2
6666664

3
7777775 ð5Þ

The actuated dynamics of the vehicle is reformulated as
follows:

M1i _υiþC1iðwiÞυiþD1iυiþG1iðηiÞþτw1iðtÞ ¼ τsi; ð6Þ
where τsi ¼ ½τsui; τsqi; τsri�T represents the vector of the torque
inputs to the saturating actuators, M1iAℜ3�3 denotes the inertia
matrix, C1iðwiÞAℜ3�3 is the Coriolis and centripetal forces, D1iA
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