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a b s t r a c t

This paper is concerned with further relaxations for control synthesis of the Roesser type discrete-time
2-D T–S fuzzy systems. A novel multi-instant fuzzy state-feedback control scheme and a new multi-
instant Lyapunov function, which are homogeneous polynomially parameter-dependent on both the
current-time normalized fuzzy weighting functions and the past-time normalized fuzzy weighting
functions along two independent directions, are developed to stabilize the underlying 2-D T–S fuzzy
system with less conservatism. Because more useful information about both current-time and past-time
normalized fuzzy weighting functions is involved into control synthesis, the relaxation quality of control
synthesis could be improved significantly. Finally, a numerical example is provided to illustrate the
effectiveness of the proposed results.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Over the past two decades, the two-dimensional (2-D) models
[1,2] have attracted considerable attention due to their extensive
applications of practical systems, such as those in image data
processing and transmission, thermal process and signal filtering.
Recently, the 2-D modeling theory is also frequently applied as an
analysis tool to some control problems, e.g., iterative learning
control [3], repetitive process control [4] and PI control of discrete
linear repetitive processes [5], etc. In [6], the problem of stability
and l1-gain analysis for positive 2D T–S fuzzy state-delayed
systems in the second FM model has also been investigated. Due
to its application in modeling hybrid systems, H1 filtering for 2-D
Markovian jump systems has also been investigated in [7]. More-
over, the problem of stability analysis of 2-D discrete systems
described by the FM second model with state saturation is
investigated in [8]. However, it is worth noting that the aforemen-
tioned results are only for linear 2-D systems. As is well known,
most of the actual 2-D systems belong to nonlinear systems and
the above results fail to work in dealing with the problem of
control synthesis of nonlinear 2-D systems [9].

On the other hand, the well-known Takagi–Sugeno (T–S) fuzzy
model [10] has attracted much attention from scientists of control
science, essentially because it can effectively approximate a wide
class of general nonlinear systems. By exploiting both the single
Lyapunov function and the so-called parallel distributed compen-
sation (PDC) control law [11], quadratic stabilization conditions for
T–S fuzzy control systems have been addressed in the past two
decades and many extensive results have been given in terms of
LMIs, e.g., [12,13]. However, those existing quadratic stabilization
conditions are very conservative and thus numerous slack variable
methods have been proposed for further releasing its conservatism
[14–25]. As far as the problem of control synthesis of discrete-time
T–S fuzzy systems is concerned, the usage of both the non-
quadratic Lyapunov function and the non-PDC control law has
been fully investigated and several kinds of relaxed non-quadratic
stabilization conditions have been proposed in the existing litera-
ture. It is worth noting that all the above fuzzy control laws are
only dependent on the current-time normalized fuzzy weighting
functions, for example, the PDC control law [11] is linearly
dependent on the current-time normalized fuzzy weighting func-
tions and the non-PDC case [14] is quadratically dependent on the
current-time normalized fuzzy weighting functions. Indeed, the
usual fuzzy Lyapuonv functions are also linearly dependent on the
current-time normalized fuzzy weighting functions. One will
naturally raise a question: whether the conservatism could be
further reduced if we adopt different design structures of either
control laws or fuzzy Lyapuonv functions? Therefore, researches in
this area should be very important and useful for researchers and
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designers in this field, which motivates us to carry out positive
answers to this question.

Recently, based on the T–S fuzzy modeling method, the pro-
blem of control synthesis of nonlinear Roesser type 2-D systems
has been investigated by applying some new fuzzy relaxed tech-
niques in [9], i.e., the authors in [9] have extended both the non-
quadratic control scheme and the so-called right-hand-side slack
variables approach [13] into stabilization of Roesser type 2-D T–S
fuzzy systems with less conservatism. More recently, with the
purpose of further reducing the conservatism, some improved
homogeneous polynomial techniques have been developed in
dealing with the problem of relaxed stabilization of Roesser type
discrete-time 2-D T–S fuzzy systems [26]. In the above relaxed
result [26], both the control scheme and the non-quadratic
Lyapunov function are homogeneous polynomially parameter-
dependent on current-time normalized fuzzy weighting functions
and the usage of them plays an important role in reducing the
conservatism. Now, it seems that the challenge is how to signifi-
cantly improve the quality of the relaxations. For instance, in terms
of efficiency, i.e. the ability to obtain less conservative results via
designing an efficient approach, or the easiness to extend a given
stabilization condition to deal with other similar problems. As
stated in [26], there is still some conservatism to be lifted if we
change ‘something’ in the process of control synthesis, such as the
form of control law or Lyapunov function, or further exploiting the
algebraic property of normalized fuzzy weighting functions, which
motivates us to carry out the present work.

In this paper, the problem of relaxed stabilization for Roesser type
discrete-time 2-D T–S fuzzy systems will be investigated. To do this, a
new multi-instant fuzzy control scheme and a new class of fuzzy
Lyapunov function are proposed, which are homogenous polynomially
parameter-dependent on both the current-time normalized fuzzy
weighting functions and the past-time normalized fuzzy weighting
functions. Compared with the existing results in [9,26], more additional
decision variables are introduced and consequently more flexibility is
generated for further releasing the underlying conservatism. Further-
more, for any given value of the degree of the underlying homogenous
polynomials matrix, convergent stabilization conditions are developed
by exploiting the algebraic property of multi-instant normalized fuzzy
weighting functions, i.e., attaining asymptotically necessary and suffi-
cient stabilization conditions in the convergent sense. Indeed, it is
worth noting that the underlying 2-D system's information is propa-
gated along two independent directions and this fact makes the
problem of stabilization more complicated than the usual T–S system.
In the proof of our main result, several pairs of multi-instant normal-
ized fuzzy weighting functions (along horizonal and vertical directions,
respectively) are produced. As a result, the Polya's Theorem should be
applied along two independent directions and across different instants,
and thus those related coefficients of the homogeneous polynomially
parameter-dependent matrices should be elaborately arranged.

The rest of this paper is organized as follows: in Section 1, problem
formulation and preliminaries are given in details. In Section 2, less
conservative stabilization conditions are developed via a novel multi-
instant fuzzy state-feedback control scheme. In Section 3, an numerical
example is given to demonstrate the effectiveness of the result
proposed in this paper. Finally, some conclusions are given in Section 4.

For simplicity, the notations used are fair standard. For example,
X40 (or XZ0) means the matrix X is symmetric and positive
definite(or symmetric and positive semidefinite). For a square matrix
E, HeðEÞ is defined as EþET . XT denotes the transpose of X. The
symbol I represents the identity matrix with appropriate dimension.
A star n in a symmetric matrix denotes the transposed element in the
symmetric position. For a matrix P, minðPÞ (respectively, maxðPÞ)
means the smallest (respectively, largest) eigenvalue of P. Zþ denotes
the set of negative integers f0;1;2;…g andM! represents factorial, i.e.
M!¼MðM�1ÞðM�2Þ⋯ð2Þð1Þ for MAZþ with 0!¼1.

2. Problem formulation and preliminaries

2.1. Roesser type discrete-time 2-D T–S fuzzy model [9]

Consider a class of Roesser type discrete-time nonlinear 2-D
system described as follows [9]:

xþ ðs; lÞ ¼Zðxðs; lÞÞþSðxðs; lÞÞuðs; lÞ ð1Þ

xhð0; lÞ ¼ f ðlÞ; xvðs;0Þ ¼ gðsÞ ð2Þ
with

xðs; lÞ ¼ xhðs; lÞ
xvðs; lÞ

" #
; xþ ðs; lÞ ¼ xhðsþ1; lÞ

xvðs; lþ1Þ

" #
;

where xhð�Þ is the horizonal state in Rn1 , xvð�Þ is the vertical state in
Rn2 , uð�Þ is the control input in Rm. Zð�Þ and Sð�Þ are general
nonlinear functions satisfying Z;SAC1. s, l are two integers in
Zþ . f(l) and g(s) are corresponding boundary conditions along two
independent directions.

By extending the usual 1-D T–S fuzzy modeling approach into
the 2-D model, a Roesser type discrete-time 2-D T–S fuzzy model
described by the following rules could be proposed to represent
the Roesser type discrete-time nonlinear 2-D system (1) [9]:

If z1ðs; lÞ is Mi1; and…; and zLðs; lÞ is MiL; then;

xþ ðs; lÞ ¼ Aixðs; lÞþBiuðs; lÞ; i¼ 1;…; r

xhð0; lÞ ¼ f ðlÞ; xvðs;0Þ ¼ gðsÞ ð3Þ

with

Ai ¼
A11
i A12

i

A21
i A22

i

" #
; Bi ¼

B1
i

B2
i

" #
;

where zpðs; lÞ, for p¼ 1;…; L are the premise variables, Mip is the

fuzzy set, r is the number of IF-THEN rules. A11
i ARn1�n1 ;A12

i A

Rn1�n2 ;A21
i ARn2�n1 ;A22

i ARn2�n2 ;B1
i ARn1�m;B2

i ARn2�m.
By using product of inference, singleton fuzzifier, and center-

average defuzzifer, the overall Roesser type discrete-time 2-D T–S
fuzzy systems can be expressed as follows:

xþ ðs; lÞ ¼ ∑
r

i ¼ 1
hiðzðs; lÞÞfAixðs; lÞþBiuðs; lÞg;

xhð0; lÞ ¼ f ðlÞ; xvðs;0Þ ¼ gðsÞ; ð4Þ

where

hiðzðs; lÞÞ ¼
μiðzðs; lÞÞ

∑r
i ¼ 1μiðzðs; lÞÞ

;

μjðzðs; lÞÞ ¼ΠL
m ¼ 1Mmjðzðs; lÞÞ:

Denote Xr ¼ supfJxðs; lÞJ : r¼ sþ lg, and next we give the defini-
tion of asymptotical stability of the above system (4).

Definition 1 (Xie and Zhang [9]). The Roesser type discrete-time
2-D T–S fuzzy systems (4) is asymptotically stable if limr-1Xr ¼ 0
with the initial and boundary conditions (2).

In this paper, for a matrix Xi, the following notations will be
adopted for simplicity:

hi ¼ hiðzðs; lÞÞ; h¼ ðh1ðzðs; lÞÞ; …; hrðzðs; lÞÞÞ;

Xz ¼ ∑
r

i ¼ 1
hiXi; hðzðs�1; lÞÞ ¼ ðh1ðzðs�1; lÞÞ; …; hrðzðs�1; lÞÞÞ;

X�1
z ¼ ∑

r

i ¼ 1
hiXi

 !�1

; hðzðs; l�1ÞÞ ¼ ðh1ðzðs; l�1ÞÞ; …; hrðzðs; l�1ÞÞÞ:
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