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illustrative example are given to show the effectiveness of our main results.
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1. Introduction

In real world, the dynamics of autonomous cellular neural
networks with or without constant delays has been studied
extensively because the properties of stability and convergence
for equilibrium points or positive periodic solutions are important
in various applications such as designing associative memory and
solving optimization problems [1-3]. But in many cases, impulsive
effects exist in a variety of evolutionary processes where states are
changed abruptly at some certain moments. Neural networks are
often subjected to impulsive perturbations which affect the dyna-
mical behaviors just as delays. Hence impulsive neural networks
represent more natural frameworks for mathematical modeling of
neural networks [4-8]. In recent years, a class of two layers (the
X-layer and Y-layer) heteroassociative networks called bi-direc-
tional associative memory (BAM) neural networks with impulsive
effects or delays has been paid much attention, due to its applica-
tions in many fields such as pattern recognition, automatic control,
signal processing and optimization. There have been many results
for impulsive BAM neural networks with or without axonal signal
transmission delays [9-15].

However, nonautonomous phenomena often occur in many
systems. In practice, if long-term dynamical behaviors are
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considered, in view of the seasonality of changing environments,
parameters of the system for mathematical modeling are often
assumed to be periodic [16-19]. For example, authors [19]
proposed the following nonautonomous neural networks with
time varying delays:

Xi(t) = —ai(Ox(6) + > byOFf; ;D) + > cit)f i (t—T5(6) + Li(E).
=t Jj=1

Considering impulsive effects from environments, Shao [20]
studied the following model:

Xi(t) = —ci(OX(D) + > > ap(®f j(x;(1)

j=11=1

+ D> bitg@;t—Tip(®) + (1), t#t,

j=11=1
Ax;i(t) = e (xi(tr), t =t

The author studied the existence and stability of periodic solu-
tions. Some other nonautonomous neural networks with impulses
may refer to [21-24]. Due to the importance of the properties of
periodic oscillatory solutions for BAM neural networks, some
nonautonomous BAM neural networks with impulses and dis-
tributed delays have attracted more and more scholars and many
nice results were obtained, see Refs. [25-30] and references cited
therein. Then how about the dynamics of nonautonomous BAM
neural networks with impulses and time-varying delays? It is
interesting and necessary for us to investigate further.
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Motivated by the above discussion, in this paper, we study the
existence and stability of periodic solution of the following BAM
neural networks with time-varying delays and impulses:

X(t) = —ai(Oxi(t) + > _by(Of ;1)
j=1

J

+ ciOft—T(O) + Lit),  t#t,
j=1

Ax;(t) = Iy (x;(1)), t=ty,

. (1.1)
Yit) = —a;(ty;(0) + > _bji(H)gi(xi(t)

i=1

+ ) Cihgixi(t—ai(O) + Ji(b), t#t,
i=1

1=

Ay;(t) = Jj (1),

b=ty

where x;(t) and y;(t) are the activations of the ith neuron and the
Jjth neuron at time ¢, respectively. Continuous functions a;(t), G;(t)
denote the neuron charging times. bj;(t), ¢;i(t), b;(t) and Cj(t) are
the weights of the neuron interconnections. t;(t) and oji(t)
correspond to the finite speed of the axonal signal transmissions.
Continuous functions I(t) and Ji(t) are the external inputs on
the neurons. Ax;(t) = x;(t")—x;(t7), Ay;(t) = y;(t")—-y;(t") are the
impulses at moment t = t, and t; < t; < --- is a strictly increasing
sequence such that lim,_, t; = oco.
System (1.1) is supplemented with initial values given by

Xi(s) = ¢y (5), s€[=0,0], yi(s) =y (5),

se[-1,0,i=1,2,...,n, j=1,...,m,

where ¢, (s) and qbyl (s) are continuous w-periodic functions defined
on [-0,0] and [-t,0], respectively, ¢ =max;.j<ni<j< majf;,
T=MadXj<i<nl<j< mTis O'ﬁ" = MaX; ¢ [0,0) (1), T,T}— = MaX; ¢ [0,0] Tjj (£)-

As usual in the theuory of impulsive differential equations, at
the points of discontinuity t, of the solution t— (x{(t),xx(t),...,
Xn(6), Y10, Y2(0), ... ym(®)], we assume that (xq(t{).X2(t).. ..,
X6, V1Y), YmGO)' exists, (X1(t), X2(tp), ... Xn(t),
V1D Y2(6). - Ym GO = i), Xa(ty), .- Xn(t). Y1(E), Ya(te),

) YT, It is clear that there exist the limits Xi(65), xi(t),
yji(t;) and Yt According to the above convention, we assume
that xj(ty) = x(ty), yj(t;) = y;(te)-

The aim of this paper is, by using continuation theorem due to
Gaines and Mawhin, some analysis techniques and constructing
suitable Lyapunov functional, to derive the existence of exponen-
tial periodic attractor of system (1.1).

The organization of the rest is as follows. In Section 2, some
preliminaries are introduced. In Section 3, by using Mawhin’s
continuation theorem, sufficient conditions ensuring the exis-
tence of periodic solution are established. In Section 4, by
employing analysis techniques and Lyapunov functional method,
the existence of exponential periodic attractor is derived. In
Section 5, applications and an illustrative example are given to
show the usefulness of the main results. Finally, simple conclu-
sion is drawn in Section 6.

2. Preliminaries

Let PC be a class of function ¢ = (¢!, qﬁ;)T :([—0,0],[-1,0D)" -
(R",R™T satisfying

(i) ¢ is piecewise continuous with first kind discontinuity at
point t,, and is left-continuous at t, k=1,2,....

(i) Axi(te) = l(i(t)),  AYj(t) =JpQj(te)) for i=1,....n, j=
1,...,m, k=1,2,.... For each ¢ = (d)I,(j);)TePC, we define

n m
Ipl=>" sup |p()|+>_ sup |¢, ()
se[-0,0] i sel-z0l J

s

i=1

where ¢x = (d’xl > d)Xz’ s d)x,,)T and ¢y = (d)y, > ¢y2, EERE] d)ym)T'

Definition 2.1. A function (X(t),y"(t)) : (=0, +00), [—T, +00))] —
(R",R™ is said to be a solution of impulsive system (1.1) with
initial condition ¢ e PC, if

(i) T,y")T is piecewise continuous with first kind discontinuity
at point t; and (x”,y")" is left-continuous at t; for k=1,2,....

(ii) (7,y")T satisfies (1.1) for all t>0 and (x"(s1),y7(s2)) =
(¢x(51). ¢y (52))" for s1 €[~0,0],57 € [T, 0].

For any ¢ ePC, we denote the solution of (1.1) through
0, (¢ y)) as X(t, ) = X1 (t, ), Xa(t, )., Xa(t, D), Y(E, ) =
V1t D).Y2 (6P Ym(E )

Definition 2.2 (Huang and Xia [30]). Impulsive BAM system (1.1)
has an exponential periodic attractor if and only if there exists
one w-periodic solution (X'(t,¢*),y’(t,¢*))’ with initial value
¢*ePC and for any ¢ ePC, there exist positive constant o, f8
such that

I (8, %),y (€, ™ NT (X" (t, ).y (£, p) I < e~ PLp* —gpll.

Definition 2.3 (Varga [31]). A real matrix A = (@), is said to be
an M-matrix if a; >0,a; <0(,j=1,2,...,n,i#j) and successive
principle minors of A are positive.

The following lemmas play an important role in the proofs of
our main results, which may refer to Refs. [32-34].

Lemma 2.1 (Fang et al. [32]). Let Q be an n x n matrix with non-
positive off-diagonal elements. Then Q is an M-matrix if and only if
one of the following conditions holds:

(i) There exists a vector ¢ > 0 such that Q¢ > 0.
(ii) There exists a vector ¢ > 0 such that fo>o.

Lemma 2.2 (Lu and Ge [33]). Suppose that 7(t) e C'(R, [0, +00)) is
an w-periodic function and t'(t)<1,te[0,w]. Then the function
t—1(t) has a unique inverse u(t) satisfying u(t) e C(R,R) with u(a +
w) = u(a)+ w for any aeR.

Lemma 2.3 (Lu and Ge [33]). Let C,, be a set of continuous w-
periodic functions for teR. If g(t)eCw, T(t)e C'(R,[0,00)) and
T/(t) < 1 for any t € [0, w], then g(u(t)) € C,,, where u(t) is the inverse
function of t—1(t).

Lemma 2.4 (Gaines and Mawhin [34] (Mawhin’s continuation
theorem)). Let X and Y be two Banach spaces and L : DomLNX—Y
be a Fredholm mapping of index zero. Q2 c X be an open bounded set
and N : X—Y be a continuous operator which is L-compact on Q.
Suppose that

(a) for each 42 €(0,1),x € Q2 N DomL, Lx # ANX;

(b) for each x € 622 N KerL, QNx # 0;

(c) deg{JQN, 2 nKerL, 0} = 0. Then Lx=Nx has at least one solution
in Q N DomL.
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