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a b s t r a c t

A class of BAM neural networks with time-varying delays and impulses is proposed in this paper. By

using Mawhin’s continuation theorem, some analysis techniques and Lyapunov functional, sufficient

conditions ensuring the existence of exponential periodic attractor of this system are established. The

main results are much different from previously known results [9,18,28]. Applications and an

illustrative example are given to show the effectiveness of our main results.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

In real world, the dynamics of autonomous cellular neural
networks with or without constant delays has been studied
extensively because the properties of stability and convergence
for equilibrium points or positive periodic solutions are important
in various applications such as designing associative memory and
solving optimization problems [1–3]. But in many cases, impulsive
effects exist in a variety of evolutionary processes where states are
changed abruptly at some certain moments. Neural networks are
often subjected to impulsive perturbations which affect the dyna-
mical behaviors just as delays. Hence impulsive neural networks
represent more natural frameworks for mathematical modeling of
neural networks [4–8]. In recent years, a class of two layers (the
X-layer and Y-layer) heteroassociative networks called bi-direc-
tional associative memory (BAM) neural networks with impulsive
effects or delays has been paid much attention, due to its applica-
tions in many fields such as pattern recognition, automatic control,
signal processing and optimization. There have been many results
for impulsive BAM neural networks with or without axonal signal
transmission delays [9–15].

However, nonautonomous phenomena often occur in many
systems. In practice, if long-term dynamical behaviors are

considered, in view of the seasonality of changing environments,
parameters of the system for mathematical modeling are often
assumed to be periodic [16–19]. For example, authors [19]
proposed the following nonautonomous neural networks with
time varying delays:

x0iðtÞ ¼ �aiðtÞxiðtÞ þ
Xm

j¼1

bijðtÞf jðyjðtÞÞ þ
Xm
j¼1

cijðtÞf jðyjðt�tijðtÞÞÞ þ IiðtÞ:

Considering impulsive effects from environments, Shao [20]
studied the following model:

x0iðtÞ ¼ �ciðtÞxiðtÞ þ
Xn

j¼1

Xm

l¼1

aijlðtÞf ijlðxjðtÞÞ

þ
Xn

j¼1

Xm
l¼1

bijlðtÞgijlðxjðt�tijlðtÞÞÞ þ IiðtÞ; tatk;

DxiðtkÞ ¼ eikðxiðtkÞÞ; t ¼ tk:

8>>>>>>>><
>>>>>>>>:
The author studied the existence and stability of periodic solu-
tions. Some other nonautonomous neural networks with impulses
may refer to [21–24]. Due to the importance of the properties of
periodic oscillatory solutions for BAM neural networks, some
nonautonomous BAM neural networks with impulses and dis-
tributed delays have attracted more and more scholars and many
nice results were obtained, see Refs. [25–30] and references cited
therein. Then how about the dynamics of nonautonomous BAM
neural networks with impulses and time-varying delays? It is
interesting and necessary for us to investigate further.
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Motivated by the above discussion, in this paper, we study the
existence and stability of periodic solution of the following BAM
neural networks with time-varying delays and impulses:

x0iðtÞ ¼ �aiðtÞxiðtÞ þ
Xm
j¼1

bijðtÞf jðyjðtÞÞ

þ
Xm
j¼1

cijðtÞf jðyjðt�tijðtÞÞÞ þ IiðtÞ; tatk;

DxiðtÞ ¼ IikðxiðtÞÞ; t ¼ tk;

y0jðtÞ ¼ � ~ajðtÞyjðtÞ þ
Xn

i¼1

~bjiðtÞgiðxiðtÞÞ

þ
Xn

i¼1

~cjiðtÞgiðxiðt�sjiðtÞÞÞ þ JjðtÞ; tatk;

DyjðtÞ ¼ JjkðyjðtÞÞ; t ¼ tk;

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð1:1Þ

where xi(t) and yj(t) are the activations of the ith neuron and the
jth neuron at time t, respectively. Continuous functions aiðtÞ; ~ajðtÞ

denote the neuron charging times. bjiðtÞ; cjiðtÞ;
~bjiðtÞ and ~cjiðtÞ are

the weights of the neuron interconnections. tijðtÞ and sjiðtÞ

correspond to the finite speed of the axonal signal transmissions.
Continuous functions Ii(t) and Jj(t) are the external inputs on
the neurons. DxiðtÞ ¼ xiðt

þÞ�xiðt
�Þ; DyjðtÞ ¼ yjðt

þÞ�yjðt
�Þ are the

impulses at moment t ¼ tk and t1ot2o � � � is a strictly increasing
sequence such that limk-1tk ¼ 1.

System (1.1) is supplemented with initial values given by

xiðsÞ ¼ fxi
ðsÞ; sA ½�s;0�; yjðsÞ ¼ fyj

ðsÞ;

sA ½�t;0�; i ¼ 1;2; . . . ;n; j ¼ 1; . . . ;m;

where fxi
ðsÞ and fyj

ðsÞ are continuous o-periodic functions defined
on ½�s;0� and ½�t;0�, respectively, s ¼ max1r irn;1r jrmsþji ,
t ¼ max1r irn;1r jrmtþij , sþji ¼ maxtA ½0;o�sjiðtÞ; tþij ¼ maxtA ½0;o�tijðtÞ.

As usual in the theory of impulsive differential equations, at
the points of discontinuity tk of the solution t-ðx1ðtÞ; x2ðtÞ; . . . ;

xnðtÞ; y1ðtÞ; y2ðtÞ; . . . ; ymðtÞÞ
T , we assume that ðx1ðt

þ

k Þ; x2ðt
þ

k Þ; . . . ;
xnðt

þ

k Þ, y1ðt
þ

k Þ; y2ðt
þ

k Þ; . . . ; ymðt
þ

k ÞÞ
T exists, ðx1ðt

�
k Þ; x2ðt

�
k Þ; . . . ; xnðt

�
k Þ,

y1ðt
�
k Þ; y2ðt

�
k Þ; . . . ; ymðt

�
k ÞÞ

T
� ðx1ðtkÞ; x2ðtkÞ; . . . ; xnðtkÞ; y1ðtkÞ; y2ðtkÞ;

. . . ; ymðtkÞÞ
T . It is clear that there exist the limits x0iðt

þ

k Þ; x
0
iðt
�
k Þ;

y0jðt
þ

k Þ and y0jðt
�
k Þ. According to the above convention, we assume

that x0iðt
�
k Þ ¼ x0iðtkÞ; y0jðt

�
k Þ ¼ y0jðtkÞ.

The aim of this paper is, by using continuation theorem due to
Gaines and Mawhin, some analysis techniques and constructing
suitable Lyapunov functional, to derive the existence of exponen-
tial periodic attractor of system (1.1).

The organization of the rest is as follows. In Section 2, some
preliminaries are introduced. In Section 3, by using Mawhin’s
continuation theorem, sufficient conditions ensuring the exis-
tence of periodic solution are established. In Section 4, by
employing analysis techniques and Lyapunov functional method,
the existence of exponential periodic attractor is derived. In
Section 5, applications and an illustrative example are given to
show the usefulness of the main results. Finally, simple conclu-
sion is drawn in Section 6.

2. Preliminaries

Let PC be a class of function f ¼ ðfT
x ;f

T
y Þ

T : ð½�s;0�; ½�t;0�ÞT-
ðRn;Rm

Þ
T satisfying

(i) f is piecewise continuous with first kind discontinuity at
point tk, and is left-continuous at tk; k ¼ 1;2; . . ..

(ii) DxiðtkÞ ¼ IikðxiðtkÞÞ; DyjðtkÞ ¼ JjkðyjðtkÞÞ for i ¼ 1; . . . ;n; j ¼

1; . . . ;m; k ¼ 1;2; . . .. For each f ¼ ðfT
x ;f

T
y Þ

T APC, we define

JfJ ¼
Xn

i¼1

sup
sA ½�s;0�

9fxi
ðsÞ9þ

Xm

j¼1

sup
sA ½�t;0�

9fyj
ðsÞ9;

where fx ¼ ðfx1
;fx2

; . . . ;fxn
Þ
T and fy ¼ ðfy1

;fy2
; . . . ;fym

Þ
T .

Definition 2.1. A function ðxT ðtÞ; yT ðtÞÞT : ð½�s;þ1Þ; ½�t;þ1ÞÞT-
ðRn;Rm

Þ
T is said to be a solution of impulsive system (1.1) with

initial condition fAPC, if

(i) ðxT ; yT Þ
T is piecewise continuous with first kind discontinuity

at point tk and ðxT ; yT Þ
T is left-continuous at tk for k ¼ 1;2; . . ..

(ii) ðxT ; yT Þ
T satisfies (1.1) for all t40 and ðxT ðs1Þ; y

T ðs2ÞÞ
T
¼

ðfT
x ðs1Þ;f

T
y ðs2ÞÞ

T for s1A ½�s;0�; s2A ½�t;0�.

For any fAPC, we denote the solution of (1.1) through
ð0; ðfT

x ;f
T
y Þ

T
Þ as xðt;fÞ ¼ ðx1ðt;fÞ, x2ðt;fÞ; . . . ; xnðt;fÞÞT , yðt;fÞ ¼

ðy1ðt;fÞ; y2ðt;fÞ; . . . ; ymðt;fÞÞ
T .

Definition 2.2 (Huang and Xia [30]). Impulsive BAM system (1.1)
has an exponential periodic attractor if and only if there exists
one o-periodic solution ðxT ðt;fn

Þ; yT ðt;fn
ÞÞ

T with initial value
fnAPC and for any fAPC, there exist positive constant a;b
such that

JðxT ðt;fn
Þ; yT ðt;fn

ÞÞ
T
�ðxT ðt;fÞ; yT ðt;fÞÞTJrae�btJfn

�fJ:

Definition 2.3 (Varga [31]). A real matrix A ¼ ðaijÞn�n is said to be
an M-matrix if aii40; aijr0ði; j ¼ 1;2; . . . ;n; ia jÞ and successive
principle minors of A are positive.

The following lemmas play an important role in the proofs of
our main results, which may refer to Refs. [32–34].

Lemma 2.1 (Fang et al. [32]). Let Q be an n�n matrix with non-

positive off-diagonal elements. Then Q is an M-matrix if and only if

one of the following conditions holds:

(i) There exists a vector x40 such that Qx40.
(ii) There exists a vector x40 such that xT Q 40.

Lemma 2.2 (Lu and Ge [33]). Suppose that tðtÞAC1
ðR; ½0;þ1ÞÞ is

an o-periodic function and t0ðtÞo1; tA ½0;o�. Then the function

t�tðtÞ has a unique inverse u(t) satisfying uðtÞACðR;RÞ with uðaþ

oÞ ¼ uðaÞ þo for any aAR.

Lemma 2.3 (Lu and Ge [33]). Let Co be a set of continuous o-
periodic functions for tAR. If gðtÞACo, tðtÞAC1

ðR; ½0;1ÞÞ and

t0ðtÞo1 for any tA ½0;o�, then gðuðtÞÞACo, where u(t) is the inverse

function of t�tðtÞ.

Lemma 2.4 (Gaines and Mawhin [34] (Mawhin’s continuation

theorem)). Let X and Y be two Banach spaces and L : DomL \ X-Y

be a Fredholm mapping of index zero. O� X be an open bounded set

and N : X-Y be a continuous operator which is L-compact on O.
Suppose that

(a) for each lAð0;1Þ; xA@O \ DomL; LxalNx;
(b) for each xA@O \ KerL;QNxa0;
(c) degfJQN;O \ KerL;0ga0. Then Lx=Nx has at least one solution

in O \ DomL.
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