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In this paper, we first introduce a class of impulsive neutral fractional functional differential equations
which arise from many practical applications such as in viscoelasticity and electrochemistry. After
providing a natural formula of solutions for the equations, we then give an existence theorem of the
solutions by using the Hausdorff's measure of noncompactness and the theory of Monch. As a result, the
existence theory provides a theoretical basis for exploring the solutions of such kinds of differential
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1. Introduction

Fractional equations have received increasing attentions in
recent years [1-13]. Fractional derivatives provide an excellent
instrument for the description of memory and hereditary proper-
ties of various materials and processes [1], and numerous
applications of fractional differential equations can be found in
viscoelasticity, electrochemistry, control, porous media, electro-
magnetic, etc. [13]. For example, in physics, the traditional way to
deal with the behavior of certain materials under the influence of
external forces in mechanics uses the laws of Hooke and Newton.
If we are dealing with viscous liquids, then we can use Newton's
law 5¢'(t) = o(t), where o(t) and &(t) denote stress and strain at time
t respectively, 5 is the so-called viscosity of the material. In view of
all some possible interpolation properties, it is natural for us to
design the classical Newton's law according to

nCD’t‘e(t):a(t), ke(n—1,n), neN,

which is called Nutting's law [14].
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Impulsive effects exist widely in many processes in which their
states are changed abruptly at certain time moment, these
phenomena can be described in virtue of impulsive differential
equations. A number of papers have been recently written on
fractional order problems with impulsive effects [5,7,15-17].
Recently, Wang et al. [16] present a counterexample to show an
error in the formula of solutions to a hybrid boundary value
problem for an impulsive fractional differential equation in [5], the
work is also supported by [18]. At the same time, the form of
solutions should also be corrected for the initial value problem of
impulsive fractional differential equation.

Motivated by the work in [16], in this paper, we give a new
natural formula of solutions and establish the new existence
theorems of the solutions for the initial value problem of the
following fractional impulsive neutral functional differential equa-
tions with infinite delay:

DE(R() + g(t, X)) =f(t,Xp), te], tty,
AX(ty) = I (x(ty)), t=ty, k=1,2,...,m, 1)
Xx(t) = ¢peB, te(—o0,0],

where °Df is the Caputo fractional derivative with O<a<1,
Ax(ty) = X(tl_:)—X(fk), O=th<ti<-<tm< tmy1 = b,] = [0, b], f Z] X
B—R is Lebegue measurable with respect to t on J, f(t,$),g(t, $)
are continuous with respect to ¢ on B, I, : R— R are continuous for
k=1,...,m, where B=B((—o0,0]—R) denote the space of left
piecewise continuous functions, and x; : (—oo,0]— R is defined by
Xe(S) =x(t + 5) for —oo <s<0, ¢ : (—o00,0]— R belongs to B.
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This paper is organized as follows. In Section 2, we recall some
useful preliminaries. In Section 3, we give a natural formula of
solutions of (1) and discuss the existence of the solutions of (1) by
the Hausdorff's measure of noncompactness and the theory of
Monch. We make conclusions in Section 4.

2. Preliminaries

In this paper, R is a Banach space, L(R) denotes the Banach
space of all linear and bounded functions on R, and C(J, R) is the
space of all R-valued continuous functions on J. Next we introduce
several definitions and lemmas.

Definition 2.1 (Hale and Kato [19]). A linear space B consisting of
functions from (—oco, 0] into R with semi-norm || - ||z is called an
admissible phase space if B has the following properties:

(A1) If x(t) : (—o0, b]— R is continuous on J, and xoeB, then x,€B
and x; is continuous on J, and

IX(ONl <UIX¢ ]l 5,
where U>0 is a constant.

(Ay) There exist a continuous function K(t)>0 and a locally
bounded function M(t)>0 such that

1X¢ll SK(f)OSUPtIIX(S)II +M®)lIXoll
<s <

for te[0, b] and x(t) as in (A7).
(A3) B is a complete space.
Definition 2.2. The Hausdorff's measure of noncompactness yy is

denoted by yy(B) = inf{r > 0, B can be covered by finite number of
balls with radii r} for bounded set B in any Banach space Y.

In this paper we denote y by the Hausdorff's measure of
noncompactness of R and denote y- by the Hausdorff's measure
of noncompactness of C([0, b]; R).

Lemma 2.1 (Banas and Goebel [20]). If W = C([0, b]; R) is bounded,
then

XW() <yc(W),

where W(t) = {u(t),ueW} = R. Furthermore, if W is equicontinuous
on [0, b], then y(W(t)) is continuous on [0, b] and

xc(W) = sup{z(W(1)), t[0, b]}.

te[o, b

To prove the existence of solutions of (1), we also need the
following fixed point theorem: a nonlinear alternative of Ménch

type.

Lemma 2.2 (Monch [21]). Let D be a closed convex subset of E, and
let F be a continuous map from D into itself. If for some xeD

V =Co({0}uF(V))

implies that V is relatively compact for every countable subset V of D,
then F has a fixed point.

To understand the theory of fractional differential equations,
we also need the following definitions and lemmas.

Definition 2.3. The fractional integral of order y with the lower
limit zero for a function f is defined as
1/ f©)

4 -
Ef(t)y= T Jo (ts)

ds, t>0,y>0,

provided that the right-side is point-wise defined on [0, c0), where
I'(-) is the gamma function.

Definition 2.4. The Riemann-Liouville derivative of order y with
the lower limit zero for a function f : [0,00) —» R can be written as

1 d ot fo
Do = r(n—nﬁ/o

(t_s)erl —n

Definition 2.5. Caputo's derivative of order y for a function f :
[0,00)— R can be written as
S
cnt _n _
D,f(t) = Dif(t) ,Eor(k—w 1
n-1<y<n.

th=r

s

t>0,

Lemma 2.3 (Zhang [22]). Let n—1 <y <n, then the differential
equation

Dix(t)=0

has solutions x(t) = co + C1t + Cot? + - + cpt™ ', ;eR,i=0,1, -, n.
Lemma 2.4 (Zhang [22]). Let n—1 <y <n, then

I[°Dix(t) = X(t) + Co + 1t + Cot* + - 4t

for some c;eR,i=0,1,...,n.

Lemma 2.5 (Chen [17]). Let 0<a<1 and let h:[0,b]—>R is con-

tinuous, a function xeC([0, b], R) is a solution of the fractional Cauchy
problems

Dix(t) =h(t), telO,b],
X(to) = Xo, 0< to <b,

)

if and only if x is a solution of the following fractional integral
equation:

fo
X() = x(to)— /0 (to—s)*"h(s) ds

1
I(a)

1 t a—1
/0 (t—s)*""h(s) ds. 3)

T

3. Main result

Let B be set defined by

B={x:(—o00,b]->R,xeC(,,R), k=0,1,....,m},

where x; is defined on J, =[0,t1].J; = (tx, tg1l, k=1,2,...,m. Set
Il - llo be a semi-norm in B defined by

lIxllo = lllls + sup(Ix(t)l| : £20}, xeB and ¢eb.

Lemma 3.1. A function xeB is a solution of (1), if and only ifxeB is a
solution of the following fractional integral equations:

b, te(—o0, 0],
#(0) + (0, $(0))—g(t, xc)

1 e et
() = +F(a)~[°(t $)*1f(s, xs) ds,
(0) + g(0, $(0)—g(t, X)

1 . k
m,fg ()" f(s,x5) ds + El"’("“’”’ te(ty, tiy1].

tG[O, t1],

+

“

Proof. Suppose that x is a solution of (1).
For te[0, t1], applying Lemma 2.4, we have

ot
X(t) = $(0) + 80, $(0)—g(t, X¢) + /O (t—5)""1f(s.%) ds,

1
e
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