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a b s t r a c t

In this paper, we first introduce a class of impulsive neutral fractional functional differential equations
which arise from many practical applications such as in viscoelasticity and electrochemistry. After
providing a natural formula of solutions for the equations, we then give an existence theorem of the
solutions by using the Hausdorff's measure of noncompactness and the theory of Mönch. As a result, the
existence theory provides a theoretical basis for exploring the solutions of such kinds of differential
equations.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Fractional equations have received increasing attentions in
recent years [1–13]. Fractional derivatives provide an excellent
instrument for the description of memory and hereditary proper-
ties of various materials and processes [1], and numerous
applications of fractional differential equations can be found in
viscoelasticity, electrochemistry, control, porous media, electro-
magnetic, etc. [13]. For example, in physics, the traditional way to
deal with the behavior of certain materials under the influence of
external forces in mechanics uses the laws of Hooke and Newton.
If we are dealing with viscous liquids, then we can use Newton's
law ηε′ðtÞ ¼ sðtÞ, where sðtÞ and εðtÞ denote stress and strain at time
t respectively, η is the so-called viscosity of the material. In view of
all some possible interpolation properties, it is natural for us to
design the classical Newton's law according to

ηcDk
t εðtÞ ¼ sðtÞ; k∈ðn�1;nÞ; n∈N;

which is called Nutting's law [14].

Impulsive effects exist widely in many processes in which their
states are changed abruptly at certain time moment, these
phenomena can be described in virtue of impulsive differential
equations. A number of papers have been recently written on
fractional order problems with impulsive effects [5,7,15–17].
Recently, Wang et al. [16] present a counterexample to show an
error in the formula of solutions to a hybrid boundary value
problem for an impulsive fractional differential equation in [5], the
work is also supported by [18]. At the same time, the form of
solutions should also be corrected for the initial value problem of
impulsive fractional differential equation.

Motivated by the work in [16], in this paper, we give a new
natural formula of solutions and establish the new existence
theorems of the solutions for the initial value problem of the
following fractional impulsive neutral functional differential equa-
tions with infinite delay:

cDα
t ðxðtÞ þ gðt; xtÞÞ ¼ f ðt; xtÞ; t∈J; t≠tk;

ΔxðtkÞ ¼ IkðxðtkÞÞ; t ¼ tk; k¼ 1;2;…;m;

xðtÞ ¼ ϕ∈B; t∈ð�1;0�;

8><
>: ð1Þ

where cDα
t is the Caputo fractional derivative with 0oαo1,

ΔxðtkÞ ¼ xðtþk Þ�xðtkÞ;0¼ t0ot1o⋯otmotmþ1 ¼ b; J ¼ ½0; b�, f : J �
B-R is Lebegue measurable with respect to t on J, f ðt;ϕÞ; gðt;ϕÞ
are continuous with respect to ϕ on B, Ik : R-R are continuous for
k¼ 1;…;m, where B¼ Bðð�1;0�-RÞ denote the space of left
piecewise continuous functions, and xt : ð�1;0�-R is defined by
xtðsÞ ¼ xðt þ sÞ for �1os≤0, ϕ : ð�1;0�-R belongs to B.
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This paper is organized as follows. In Section 2, we recall some
useful preliminaries. In Section 3, we give a natural formula of
solutions of (1) and discuss the existence of the solutions of (1) by
the Hausdorff's measure of noncompactness and the theory of
Mönch. We make conclusions in Section 4.

2. Preliminaries

In this paper, R is a Banach space, LðRÞ denotes the Banach
space of all linear and bounded functions on R, and CðJ;RÞ is the
space of all R-valued continuous functions on J. Next we introduce
several definitions and lemmas.

Definition 2.1 (Hale and Kato [19]). A linear space B consisting of
functions from ð�1;0� into R with semi-norm ∥ � ∥B is called an
admissible phase space if B has the following properties:
ðA1Þ If xðtÞ : ð�1; b�-R is continuous on J, and x0∈B, then xt∈B

and xt is continuous on J, and

∥xðtÞ∥≤U∥xt∥B ;

where U≥0 is a constant.
ðA2Þ There exist a continuous function KðtÞ40 and a locally

bounded function MðtÞ≥0 such that

∥xt∥B ≤KðtÞ sup
0 ≤s ≤t

∥xðsÞ∥þMðtÞ∥x0∥B

for t∈½0; b� and x(t) as in ðA1Þ.
ðA3Þ B is a complete space.

Definition 2.2. The Hausdorff's measure of noncompactness χY is
denoted by χY ðBÞ ¼ inf fr40;B can be covered by finite number of
balls with radii rg for bounded set B in any Banach space Y.

In this paper we denote χ by the Hausdorff's measure of
noncompactness of R and denote χC by the Hausdorff's measure
of noncompactness of Cð½0; b�;RÞ.

Lemma 2.1 (Banas and Goebel [20]). If WDCð½0; b�;RÞ is bounded,
then

χðWðtÞÞ≤χCðWÞ; t∈½0; b�
where WðtÞ ¼ fuðtÞ;u∈WgDR. Furthermore, if W is equicontinuous
on ½0; b�, then χðWðtÞÞ is continuous on ½0; b� and
χCðWÞ ¼ supfχðWðtÞÞ; t∈½0; b�g:

To prove the existence of solutions of (1), we also need the
following fixed point theorem: a nonlinear alternative of Mönch
type.

Lemma 2.2 (Mönch [21]). Let D be a closed convex subset of E, and
let F be a continuous map from D into itself. If for some x∈D

V ¼ coðf0g∪FðVÞÞ
implies that V is relatively compact for every countable subset V of D,
then F has a fixed point.

To understand the theory of fractional differential equations,
we also need the following definitions and lemmas.

Definition 2.3. The fractional integral of order γ with the lower
limit zero for a function f is defined as

Iγt f ðtÞ ¼
1

ΓðγÞ
Z t

0

f ðsÞ
ðt�sÞ1�γ

ds; t40; γ40;

provided that the right-side is point-wise defined on ½0;1Þ, where
Γð�Þ is the gamma function.

Definition 2.4. The Riemann–Liouville derivative of order γ with
the lower limit zero for a function f : ½0;1Þ-R can be written as

Dγ
t f ðtÞ ¼

1
Γðn�γÞ

dn

dtn

Z t

0

f ðsÞ
ðt�sÞγþ1�n ds:

Definition 2.5. Caputo's derivative of order γ for a function f :
½0;1Þ-R can be written as

cDt
γ f ðtÞ ¼Dγ

t f ðtÞ� ∑
n�1

k ¼ 0

f ðkÞð0Þ
Γðk�γ þ 1Þ t

k�γ ;

t40; n�1oγon:

Lemma 2.3 (Zhang [22]). Let n�1oγon, then the differential
equation

cDt
γxðtÞ ¼ 0

has solutions xðtÞ ¼ c0 þ c1t þ c2t2 þ⋯þ cntn�1; ci∈R; i¼ 0;1;⋯;n.

Lemma 2.4 (Zhang [22]). Let n�1oγon, then

Iγt
cDt

γ xðtÞ ¼ xðtÞ þ c0 þ c1t þ c2t2 þ⋯þ cntn�1

for some ci∈R; i¼ 0;1;…;n.

Lemma 2.5 (Chen [17]). Let 0oαo1 and let h : ½0; b�-R is con-
tinuous, a function x∈Cð½0; b�;RÞ is a solution of the fractional Cauchy
problems

cDα
t xðtÞ ¼ hðtÞ; t∈½0; b�;

xðt0Þ ¼ x0; 0ot0ob;

(
ð2Þ

if and only if x is a solution of the following fractional integral
equation:

xðtÞ ¼ xðt0Þ�
1

ΓðαÞ
Z t0

0
ðt0�sÞα�1hðsÞ ds

þ 1
ΓðαÞ

Z t

0
ðt�sÞα�1hðsÞ ds: ð3Þ

3. Main result

Let ~B be set defined by

~B ¼ fx : ð�1; b�-R; xk∈CðJk;RÞ; k¼ 0;1;…;mg;
where xk is defined on J0 ¼ ½0; t1�; Jk ¼ ðtk; tkþ1�; k¼ 1;2;…;m. Set
∥ � ∥0 be a semi-norm in ~B defined by

∥x∥0 ¼ ∥ϕ∥B þ supf∥xðtÞ∥ : t≥0g; x∈ ~B and ϕ∈B:

Lemma 3.1. A function x∈ ~B is a solution of (1), if and only if x∈ ~B is a
solution of the following fractional integral equations:

xðtÞ ¼

ϕ; t∈ð�1;0�;
ϕð0Þ þ gð0;ϕð0ÞÞ�gðt; xtÞ

þ 1
ΓðαÞ

R t
0 ðt�sÞα�1f ðs; xsÞ ds; t∈½0; t1�;

ϕð0Þ þ gð0;ϕð0ÞÞ�gðt; xtÞ

þ 1
ΓðαÞ

R t
0 ðt�sÞα�1f ðs; xsÞ dsþ ∑

k

i ¼ 1
IiðxðtiÞÞ; t∈ðtk; tkþ1�:

8>>>>>>>>>><
>>>>>>>>>>:

ð4Þ

Proof. Suppose that x is a solution of (1).
For t∈½0; t1�, applying Lemma 2.4, we have

xðtÞ ¼ ϕð0Þ þ gð0;ϕð0ÞÞ�gðt; xtÞ þ 1
ΓðαÞ

Z t

0
ðt�sÞα�1f ðs; xsÞ ds;
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