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a b s t r a c t

The asymptotical synchronization for coupled delay partial differential systems (PDSs) with boundary
control is considered in this paper. First, the synchronization error dynamics are introduced and we turn
the asymptotical synchronization problem into the asymptotical stabilization problem. The boundary
controller is also presented. Then, by employing Lyapunov functional method, under the given boundary
controller, sufficient conditions are provided which guarantee the asymptotical synchronization for the
coupled delay PDSs. These sufficient conditions are given by linear matrix inequalities (LMIs), which are
easy to be solved by the developed standard algorithms. Both the cases of node delay and coupling delay
are considered. Finally, numerical examples are given to illustrate the effectiveness of the proposed
theoretical results.

& 2016 Elsevier B.V. All rights reserved.

1. Introduction

As a kind of collective behavior of networks, synchronization
exists in a widespread field, ranging from natural systems to
manmade networks and it has received substantial attention in
recent years, see [1–11] and the references therein for a survey. As
is well known, delay is unavoidable in practice and it may degrade
the properties of a given system, including the synchronization. A
great deal of concerns on the synchronization with time delay
have also been paid [12–20].

In the real world, there are many phenomena, such as the ones
in chemical engineering, neurophysiology and biodynamics, in
which state variables depend not only on the time but also on the
spatial position. These phenomena are generally modeled in spa-
tial–temporal domain by partial differential systems (PDSs).
Recently, increasing concerns have been raised on the study of
PDSs [21–25]. The synchronization of coupled PDSs also has
recently received some initial research interests [26–31]. In [26],
the authors considered the synchronization of delayed neural
networks with reaction–diffusion terms under impulsive control,

and sufficient conditions were obtained which guaranteed the
synchronization and depended on the diffusion coefficients. In
[27], the p-norm exponential synchronization of stochastic neural
networks with leakage delay and reaction–diffusion terms was
studied and by using the Lyapunov stability theory and stochastic
analysis approaches, and a periodically intermittent controller is
proposed to guarantee the exponential synchronization. In [29,30],
we considered the asymptotical synchronization and H1 syn-
chronization for coupled PDSs with or without delays.

It is well known that, for the PDS, the boundary control strategy
is an effective control method which needs fewer actuators and
may be easier to be applied. Boundary control for the PDS has also
attracted many interests and lots of results were published [21–
25,32–35]. In [32], the authors presented the backstepping
method to study the boundary control for the PDS and many
results have been published after that classical paper. Then, in [33],
the authors generalized the backstepping method to the delay
case. In [34], the combination of backstepping-based state-feed-
back control and flatness-based trajectory planning and feedfor-
ward control is considered for the design of an exponentially
stabilizing tracking controller for a linear diffusion–convection–
reaction system with spatially and temporally varying parameters
and nonlinear boundary input. In [35], exponential synchroniza-
tion via boundary control for a class of networked linear spatio-
temporal dynamical networks is presented by using Lyapunov's
direct method, the vector-valued Wirtinger's inequality and the
technique of integration by parts. However, time-delay is not
considered in that paper and this motivates the current paper.
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In this paper, we consider the boundary control synchroniza-
tion for coupled node-delay PDSs with Neumann boundary con-
ditions. First, we turn the asymptotical synchronization problem
into the asymptotical stabilization problem by introducing coupled
synchronization error dynamics. We design the boundary con-
troller and provide the sufficient conditions to guarantee the
asymptotical synchronization under the designed boundary con-
trollers. Then, we briefly state a criterion for the synchronization
of coupled PDSs with coupling delay. Finally, numerical examples
are given to illustrate the effectiveness of the proposed design
methods.

The remainder of this paper is organized as follows. Section 2
gives preliminaries and problem formulation. The sufficient con-
ditions on asymptotical synchronization of the coupled time-delay
PDSs are provided in Section 3 on both cases of node and coupling
delay. Numerical examples are given in Section 4 and a brief
conclusion ends this paper in Section 5.

2. Model description and preliminaries

In this paper, we mainly consider the following N-coupled PDSs
with node-delay

yi;tðx; tÞ ¼Θyi;xxðx; tÞþAyiðx; tÞþByiðx; t�τÞþ
XN
j ¼ 1

gijyjðx; tÞ

yi;xðx; tÞj x ¼ 0 ¼ CuiðtÞ; yi;xðx; tÞj x ¼ L ¼ 0
yiðx; tÞ ¼φiðx; tÞ; tA ½�τ;0�; i¼ 1;2;…;N;

8>>>>><
>>>>>:

ð2:1Þ

where yiðx; tÞ9 ½yi1ðx; tÞ;…; yinðx; tÞ�T ARn is the state variable of the
i-th subsystem, and the subscripts x and t stand for the partial
derivatives with respect to x and t, respectively. The variables xA
½0; L� �R and tA ½0;1Þ are the spatial variable and time variable.
Θ;A;BARn�n are real matrices and Θ is symmetric positive defi-
nite matrix. CARn�m is the control input matrix and uiðtÞARm is
the boundary control input of the i-th subsystem. G9 ðgijÞN�N is
the coupling matrix of the network, in which gij is defined as fol-
lows: If there exists a connection between node i and node j (ia j),
then gija0; otherwise, gij ¼ 0 (ia j) and the diagonal elements are
defined by gii ¼ �Pja igij; i¼ 1;2;…;N.

Remark 2.1. The coupling matrix G is not required to be sym-
metric or irreducible in this paper.

Let sðx; tÞ9 ½s1ðx; tÞ;…; snðx; tÞ�T ARn be the function to which all
yiðx; tÞ's are expected to synchronize and sðx; tÞ satisfies the fol-
lowing PDS:

stðx; tÞ ¼Θsxxðx; tÞþAsðx; tÞþBsðx; t�τÞ
sxðx; tÞj x ¼ 0 ¼ sxðx; tÞj x ¼ L ¼ 0
sðx; tÞ ¼φðx; tÞ; tA ½�τ;0�:

8><
>: ð2:2Þ

Define the synchronization error as follows:

eiðx; tÞ ¼ yiðx; tÞ�sðx; tÞ: ð2:3Þ

From (2.1) and (2.2), we have the following error system of the
i-th node

ei;tðx; tÞ ¼Θei;xxðx; tÞþAeiðx; tÞþBeiðx; t�τÞþ
XN
j ¼ 1

gijejðx; tÞ

ei;xðx; tÞj x ¼ 0 ¼ CuiðtÞ; ei;xðx; tÞj x ¼ L ¼ 0
eiðx; tÞ ¼φiðx; tÞ�φðx; tÞ; tA ½�τ;0�:

8>>>>><
>>>>>:

ð2:4Þ

We design the following state feedback controller for the i-th
node of the PDSs (2.1)

uiðtÞ ¼
Z L

0
Kðyi�sÞ dx¼

Z L

0
Keiðx; tÞ dx; ð2:5Þ

where KARm�n is the control gain matrix to be determined.
Denote

eðx; tÞ ¼ ½eT1ðx; tÞ⋯eTNðx; tÞ�T ; ð2:6Þ

and in the sequel, the variables (x,t) are compressed for the sim-
plicity. A � B means the Kronecker product of two matrices A and
B. Identity matrix of n� n dimension will be denoted by In. We can
get the following synchronization error system:

et ¼ ðIN � ΘÞexxþðIN � AþG � InÞeþðIN � BÞeðx; t�τÞ
ex j x ¼ 0 ¼

R L
0 ðIN � CKÞe dx

ex j x ¼ L ¼ 0
eðx; tÞ ¼ψ ðx; tÞ; tA ½�τ;0�;

8>>>><
>>>>:

ð2:7Þ

where ψ ðx; tÞ ¼ ½ψ T
1ðx; tÞ;…;ψ T

Nðx; tÞ�T ¼ ½φT
1ðx; tÞ�φT ðx; tÞ;…; φT

Nðx;
tÞ �φT ðx; tÞ�T .

For the convenience of analyses and applications in the sequel,
we present some useful notation, definitions and lemmas to end
this section.

We adopt the following notation. For a symmetric matrix M,
M40ðMo0;Mr0Þ means that it is positive definite (negative
definite, semi-negative definite, respectively). W1;2ð½0; L�;RnÞ is a
Sobolev space of absolutely continuous n-dimensional vector

functions ωðxÞ : ½0; L�-Rn with square integrable derivatives dlωðxÞ
dxl

of the order lZ1.

Definition 2.2. The coupled time-delay PDSs (2.1) are of asymp-
totical synchronization if the synchronization error eðx; tÞ satisfies
limt-1eðx; tÞ ¼ 0 for all xA ½0; L�.

Lemma 2.3 (Wu et al. [25]). Let zAW1;2ð½0; L�;RnÞ be a vector
function with zð0Þ ¼ 0 or zðLÞ ¼ 0. Then, for a matrix S40, one has
the following integral inequality:

Z L

0
zT ðsÞSzðsÞ dsr4L2π�2

Z L

0

dz
ds

� �T

S
dz
ds

� �
ds:

3. Asymptotical synchronization for coupled time-delay PDSs

In this section, at first, we present an LMI-based criterion on
asymptotical synchronization for the coupled node-delay PDSs
(2.1). Using the Lyapunov functional method and Wirtinger's
inequality, we obtain the sufficient condition to guarantee the
synchronization via the boundary control. Then we briefly state a
criterion of synchronization for the coupled PDSs with
coupling delay.

Now we give the main theorem of this paper.

Theorem 3.1. For the coupled node-delay PDSs (2.1), if there exists
an m� n matrix K satisfying the following LMI:

Ψ9
�0:5L�2π2ðIN � ΘÞ IN � ΘCK

ðIN � ΘCKÞT Ψ 22

" #
o0; ð3:1Þ

where
Ψ 2292InNþ2ðIN � BÞðIN � BT Þþ2ðIN � AþG � InÞ�2ðIN � ΘCKÞ,
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