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a b s t r a c t

This paper studies the integrated design of fuzzy observer-based fault detection (FD) for nonlinear
systems in the presence of external disturbances. To this end, we first approximate the nonlinear systems
by a set of Takagi–Sugeno (T–S) fuzzy models. Then, the observer-based FD systems are studied with the
aid of L2 stability theory. In the end, a numerical example is given to show the efficiency of the proposed
method.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Over the past decades, fault detection and diagnosis (FDD) have
received considerably increasing attention [1–7], for the purpose
of meeting high requirements on system performance and relia-
bility from industrial processes. Since nonlinearity is considered to
exist universally in real plants, a great deal of efforts have been
paid to the observer-based fault detection (FD) and fault-tolerant
control (FTC) for nonlinear systems [8–12]. More particularly, the
integrated design of the nonlinear observer-based FD systems,
which consists of an observer-based residual generator, a residual
evaluator and a decision maker with an embedded threshold, have
been extensively investigated in recent years [13–16].

Takagi–Sugeno (T–S) Fuzzy technique, as an alternative
approach to conventional control techniques, has been proved to
be a powerful tool to analyze and approximate complex nonlinear
systems [17–20]. Encouraged by these studies, significant research
efforts have been devoted to solve the controller [21] and filtering
design problems [22–25] for nonlinear systems. Besides, as
reported in the literatures [26–29], a great deal of attention has
been paid to the construction of nonlinear residual generators
based on the obtained universal T–S fuzzy model. Over the past

few years, a trend of approximating general type of nonlinear
systems to any degree of accuracy on any compact set by invoking
control variables in the premise variables have been observed [30].
In spite of the result mentioned in [30], the synthesis and con-
struction of universal fuzzy controllers for general nonlinear sys-
tems have been investigated in [31,32].

The main objective of this paper is to devoted to the integrated
design of T–S fuzzy observer-based FD systems for general type of
complex nonlinear systems involving external disturbances. To
this end, the nonlinear plant is first interpreted in light of a class of
generalized T–S dynamic fuzzy models. Then the integrated design
procedure of FD systems is carried out by developing a fuzzy
observer-based residual generator, an evaluator and a decision
logic with the aid of L2 stability theory.

The paper is organized as follows. The needed preliminaries
and problem formulation are addressed in Section 2. In Section 3,
robust fuzzy observer-based fault detection for nonlinear systems
with external disturbances are presented. A numerical example is
given in Section 4 to illustrate the effectiveness of the proposed
method. Conclusions and future work are stated in Section 5.

In addition, standard notations are adopted in this paper.
Rþ ¼ ½0;1Þ. J � J denotes the Euclidean norm of a vector in some
Euclidean space. ‖u‖2 denotes L2-norm of u(t) which is defined as

‖u‖2 ¼
R1
0 ‖uðtÞ‖2 dt� �1=2. SymfAg denotes AþAT . In a symmetric

matrix, ⋆ represents the symmetric elements.
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2. Problem formulation

Generally speaking, a standard observer-based FD system
consists of an observer-based residual generator, a residual eva-
luator and a decision maker with a threshold [5]. Along this line,
numerous results have been proposed for the integrated design of
observer-based FD systems for linear time-invariant (LTI) systems
[5,6].

Motivated by the integrated design schemes of observer-based
fault detection systems for LTI systems, the major objective of this
paper is to investigate the integrated design of robust fuzzy
observer-based FD issues for general type of nonlinear systems
with external disturbances, which is described by

Σ :
_x ¼ f ðx;uÞþgðx;uÞd
y¼ hðx;uÞþkðx;uÞd

(
ð1Þ

where xðtÞ ¼ ½x1ðtÞ⋯xkx ðtÞ�T ARkx ;u¼ ½u1ðtÞ⋯uku ðtÞ�T ARku ; y¼ ½y1 ðt
Þ⋯yky ðtÞ�T ARky denote the state, output and input vectors, res-
pectively.

f ðx;uÞ, hðx;uÞ, gðx;uÞ and kðx;uÞ are continuously differentiable
nonlinear functions with appropriate dimensions. dARkd denotes
the disturbances which is assumed to be L2-bounded with

‖d‖2rδd ð2Þ
Inspired by the Takagi–Sugeno (T–S) Fuzzy modelling techni-

que [30,31] for nonlinear systems, our first objective is to establish
the T–S Fuzzy model for nonlinear systems (1). Then, the robust L2

fuzzy observer-based residual generator will be first investigated.
As a result, an integrated FD system will be constructed, which
consists of a residual generator, an evaluation function and a
decision logic with a dynamic threshold. Our further task is
dedicated to the robust L2 observer-based FD system in the pre-
sence of external disturbances for nonlinear systems (1).

3. Design of L2 robust fuzzy observer-based FD systems

3.1. Fuzzy dynamic modelling

For our purpose, the following class of general T–S fuzzy
models are employed to approximate nonlinear systems (1) first:

Plant rule Ri: IF θ1ðtÞ is N1
i and θ2ðtÞ is N2

i and ⋯ and θpðtÞ
is Np

i

THEN
_xðtÞ ¼ AixðtÞþBiuðtÞþEidðtÞ
yðtÞ ¼ CixðtÞþDiuðtÞþFidðtÞ; iAf1;2;…; κg

(
ð3Þ

where Ri represents the ith fuzzy inference rule; κ denotes the
number of inference rules; θðtÞ ¼ θ1ðtÞ⋯θpðtÞ

� �
denotes the pre-

mise variables assumed measurable; Ni
jðj¼ 1;2;…;pÞ indicates the

fuzzy sets; Ai, Bi, Ci, Di, Ei and Fi are system matrices with appro-
priate dimensions; x(t), u(t) and y(t) denote the system state, input
and output variables, respectively. d(t) represents the external
disturbance variables.

Let μiðθðtÞÞ be the normalized fuzzy membership function of
the inferred fuzzy set Ni≔∏p

l ¼ 1N
i
l , which is defined as

μiðθðtÞÞ ¼
∏p

l ¼ 1N
i
lPκ

j ¼ 1 ∏
p
l ¼ 1N

j
l

: ð4Þ

Consequently, we have

μiðθðtÞÞZ0; i¼ 1;2;…; κ;
Xκ
i ¼ 1

μiðθðtÞÞ ¼ 1: ð5Þ

Thus by using a center average defuzzifier, a singleton fuzzifier
and product inference, the T–S fuzzy system in (3) can be inferred
as follows:

_xðtÞ ¼ f ðx;uÞ
yðtÞ ¼ hðx;uÞ

(
ð6Þ

where

f ðx;uÞ ¼
Xκ
i ¼ 1

μiðθðtÞÞ AixðtÞþBiuðtÞþEidðtÞð Þ

hðx;uÞ ¼
Xκ
i ¼ 1

μiðθðtÞÞ CixðtÞþDiuðtÞþFidðtÞð Þ: ð7Þ

In what follows, the approximation capability of the T–S fuzzy
models in (3) will be addressed based on the results given in
[30,31]. To this end, the following lemma is introduced first.

Lemma 1 (Zeng, et al., [30]). If vector value function sðzÞ ¼
s1ðz1;…; zNÞ⋯snðz1;…; zNÞ½ �T is mðZ1Þ time continuously differenti-
able on Z with sð0Þ ¼ 0, then for i¼1,…,N, the vector value function

QiðzÞ ¼ qiðz1;…; zNÞ

¼

sð0;…;0; zi; ziþ1;…; zNÞ�sð0;…;0; ziþ1;…; zNÞ
zi

; zia0

∂sð0;…;0; ziþ1;…; zNÞ
∂zi

; zia0

8>>><
>>>:

ð8Þ
is m�1 continuously differentiable on Z and

sðzÞ ¼
XN
i ¼ 1

QiðzÞzi ¼
XN
i ¼ 1

qiðz1;…; zNÞzi ð9Þ

Theorem 1. Consider nonlinear systems given in (1), where f ðx;uÞ
and gðx;uÞ are continuously differentiable on the compact set X � U
and f ð0;0Þ ¼ 0; gð0;0Þ ¼ 0. Then, for any positive ϵi; i¼ 1;…;4 and
any ðx;uÞAX � U , there exist T–S fuzzy models (7) such that

f ðx;uÞþgðx;uÞd¼ f ðx;uÞþΔAðx;uÞxþΔBðx;uÞuþΔEðx;uÞd
hðx;uÞþkðx;uÞd¼ hðx;uÞþΔCðx;uÞxþΔDðx;uÞuþΔF ðx;uÞd ð10Þ
with

JΔAðx;uÞJrϵ1; JΔBðx;uÞJrϵ2
JΔCðx;uÞJrϵ3; JΔDðx;uÞJrϵ4
JΔEðx;uÞJrϵ5; JΔF ðx;uÞJrϵ6: ð11Þ
Proof. The proof follows directly from [31] and thus is omitted
here.□

As a result, the nonlinear systems (1) can be also rewritten as
the following T–S fuzzy models with the norm bounded
uncertainties:

Plant rule Ri: IF θ1ðtÞ is N1
i and θ2ðtÞ is N2

i and ⋯ and θpðtÞ
is Np

i

THEN

_xðtÞ ¼ AixðtÞþBiuðtÞþEidðtÞþΔAðx;uÞxðtÞþΔBðx;uÞuðtÞþΔEðx;uÞ dðtÞ
yðtÞ ¼ CixðtÞþDiuðtÞþFidðtÞþΔC ðx;uÞxðtÞþΔDðx;uÞuðtÞþΔF ðx;uÞ dðtÞ;
iAf1;2;…; κg

8><
>:

ð12Þ
Thus the final state of the fuzzy system can be inferred as fol-

lows:

_xðtÞ ¼
Xκ
i ¼ 1

μiðθðtÞÞ AixðtÞþBiuðtÞþEidðtÞð ÞþΔAðx;uÞxðtÞþΔBðx;uÞuðtÞ

þΔEðx;uÞ dðtÞ

yðtÞ ¼
Xκ
i ¼ 1

μiðθðtÞÞ CixðtÞþDiuðtÞþFidðtÞð ÞþΔCðx;uÞxðtÞ
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