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This paper addresses the problem of H,, filtering for a class of discrete time T-S model based fuzzy
systems with quantized measurements. The measurement signal is quantized by a logarithmic quantizer.
By using basis dependent Lyapunov function, a sufficient condition is provided to ensure the stability of
the filtering error system and to guarantee a given H,, performance level. Based on this analysis result of
the filtering error system, an explicit filter design approach is proposed and the basis dependent filtering
algorithm is further improved by using a kind of relaxed technique. Two numerical examples are also
presented to show that the filtering algorithm based on the basis dependent Lyapunov function has less
conservative than the one based on the basis independent Lyapunov function.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Recently, signal quantization has attracted great attention. It
usually arises in a digital communication channel, which is an impo-
rtant component of distributed or networked-based dynamical sys-
tem. It is essential that signals should be quantized before being tra-
nsmitted through a communication channel with limited bandwidth.
As a result, various quantizers have been designed to achieve different
estimation or control objectives. For quadratically stabilizing linear
system with quantized feedback, a kind of static logarithmic quantizer
is constructed in [1], where logarithmic quantizers are shown to be
the coarsest ones to solve the problem. The authors in [2] generalize
this result to a few quantized feedback design problems by using a
sector bound approach (see also [3]). To study the feedback stabiliza-
tion problem of linear systems, [4] provides a dynamic quantizer,
which can be adjusted by updating the parameter of the quantizer at
discrete instants of time. However, it is inevitable that there will be
data losses resulting from signal quantization, which may deteriorate
the performance of the systems or even cause the systems instability.
Hence, it is necessary to consider the quantization effect when signal
quantization emerges in a system [18,21].

As to the H,, filtering problem, it is concerned with the design of
an estimator guaranteeing that the L,-gain from the noise signal to the
estimation error is within a prescribed level. Compared with a Kalman
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filter, one advantage of a H,, filter is that no statistical assumption on
the noise signal is needed [5]. In the last decade, the H,, filtering
problem of T-S fuzzy systems has been widely investigated (see, for
example, [6-11,19,22,24], and the references therein). A basis depen-
dent Lyapunov function approach was proposed to study the H,, filter
design problem for a class of discrete time T-S fuzzy systems in [6],
and it is shown that the results obtained by this approach are less
conservative than those obtained by the single Lyapunov function
approach. By a descriptor representation approach, a gain scheduled
fuzzy filter is developed for T-S model based systems with linear
fractional uncertainties in [23]. The authors in [20] introduce a fuzzy-
filtering method, which can get a better noise-attenuation perfor-
mance when frequency ranges of noises are known beforehand. For a
typical H,, filter, it is assumed that the measurement output of the
system can be transmitted directly to the filter without information
loss. However, in practice, the filter may be geographically separated
from the plant, and the measurement signals are required to be
quantized before being transmitted through communication channels
[12]. In this case, data losses occur as a result of signal quantization,
and the H,, filtering problem under such situation is worthy of
investigation.

Inspired by the results mentioned above, this paper will study the
problem of H, filter design for a class of discrete time fuzzy systems,
in which the quantization effect will be considered. It is also worth
mentioning that the well-known logarithmic quantizer will be con-
sidered and that the basis dependent Lyapunov approach will be used
to develop a fuzzy filter.

The paper is organized as follows. The H., filtering problem with
quantized measurement is formulated in Section 2. The analysis of
stability with H., performance for the filtering error system is given in
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Section 3. The result will then be employed in Section 4 to design a
H, filter. An example is given to illustrate the effectiveness of the
approach in Section 5, and the paper is concluded in Section 6.
Notation: Throughout this paper, a real symmetric matrix
P >0 (> 0) denotes P being a positive definite (or positive semidefi-
nite) matrix, and A>(>)B means A—B>(>)0. I is an identity
matrix with appropriate dimension. The superscript = represents the
transpose. The symbol ¢ is used as an ellipsis for terms that are
induced by matrix symmetry. The notation k[0, o) represents the
space of square summable infinite vector sequences with the usual

norm | -ll,. A sequence = {wy}elh[0,00) if lwl,=
V2 oh s | WEwy < 0.

2. Problem formulation

Consider the discrete-time T-S model based nonlinear system
described by [6] A . _
Plant Rule i: IF £y is F; and &y is F, and --- and & is F, THEN

Xy 1 =AiXy+Bjwy
Yi = Cixg + Diwy,
Zk=L,'Xk, i=1,...,S

where F is a fuzzy set and s is the number of IF-THEN rules;
x eR", weRP, z; eR%, and y, e R™ denote the state, noise signal,
signal to be estimated, and the measurement output respectively;
and A;, B;, C;, D; and L; are system matrices with compatible dim-
ensions. The symbols &y, ..., &, denote the premise variables. The
fuzzy basis functions are defined by
| Y2 () .

hi(E) = g ISRy s

€0 DI/ § IRV TC) '
in which (&) is the membership function of fuzzy set F]'
Er=(&1ks ---»E) and the set = is defined by

h(&)=(h1(&p), ha(Gp), ... hs(Gp)) € =,

5=={h('fk)==(h1(§k), ho(E). - hs(E) D G =1, hi(§ =0, i=1, 5}
i
(1)

In order to simplify the symbols, we will drop the argument & of
the fuzzy basis function h(&;) as well as its elements h;(&,) in the
following development. The system under consideration can be
compactly represented by X:

Xk, 1 =A(h)x,+B(h)wy 2)
Vi = C()x.+ D(hywy 3)
zi = L(h)xy, “4)
where

{?EZ; g((z))} = ; hy ?‘l gi.- . L= ; hiL,. 5)
The filter we considered is in the form of

X1 =Ar(WXy+Br(h)yy (6)
Zi = Le(h)Ry (7)
V= ®)

where the basis dependent matrices A{h), B{h) and L{h) are to be
determined. X, e R" is the filter state, ¥, e R™ is the input of the
filter and f(-) =[f1() --- fn()]* is a quantizer which is assumed to
be symmetric, that is f(—v)= —f(v). Here we employ the static
logarithmic quantizer. For each f;(-), the set of quantized levels is
described by

Up={ul, ul =plu, i=0, £1, £2,-} U {0},
0<p;<1, ud>o. 9)

Each of the quantization level u?) corresponds to a segment such
that f;(-) can map the whole segment to this quantization level.
Furthermore, all the segments form a partition of R. That is, they
are disjoint and exhaustive. For the logarithmic quantizer, the
associated quantizer f;(-) is defined as follows [1,2]:

u? if u}")<vsLu}"), v>0
1+6j 1—6j
fim=19o ifv=0 (10)
—fi(=v) ifv<0
where
1-p;
Gj—_l+pj. (]])

According to [1,2], it is easily verified from (8)-(11) that the qua-
ntized measurement y, can be expressed as

Vie=f@) =1 10k) - W)l = A+AKR)Y, (12)

where y,; denotes the jth component of yj, and

A(k) = diag{Aq(k), Azx(K), ..., Am(k)}, 1Ak <o), j=1,2,....m.
(13)

Let

X=X X5, Zv=2z—21. (14)

Then the filtering error system concluded from (2)-(8) and (13)-
(14) can be described by X:

X1 = AKX+ By (15)
Zy = LX), (16)
where

A(h) = A+ Bi(Akch), - B(h) = B(h)+Bf (A D(h) a7

Adh) 0 B(h)
A= g mcmy Ay |- B =1 By

chy=[ACt) 0], £iy=[Lhy ~Lih)], Bh)= [0 B(h)],

>

D(hy=ADh), Ak)=AA~"', A=diag(c1,00,....0m}.  (18)

The H,, filtering problem to be addressed in this paper is described
as follows. For the T-S model nonlinear system with quantized
signals, given a prescribed noise attenuation level y, determine a
stable filter in the form of (6)-(7) such that the following spe-
cifications are satisfied:

(): The resulting filtering error system X is asymptotically stable
for any fuzzy basis function h e & when w; =0.

(I): The I,-gain from the noise signal wy to the estimation error
zx—2y is less than y, that is, under zero initial condition,
S 0@ —2) @k —2K) <P YR owiwy, for any nonzero
w:={wy} € 12[0, 00).

Lemma 1 (Xie [13]). Given appropriately dimensioned matrices X1,
2, and X5, with X7 = X4, then

holds for all A(k) satisfying A”(k)A(k) <1 if and only if for some & > 0

2]4’8232;4’8712522 <0. (20)
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