
Robotics and Autonomous Systems 83 (2016) 106–114

Contents lists available at ScienceDirect

Robotics and Autonomous Systems

journal homepage: www.elsevier.com/locate/robot

Asynchronous consensus of continuous-time Lagrangian systems
with switching topology and non-uniform time delay
Morteza Mirzaei a, Hajar Atrianfar a,∗, Noushin Mehdipour a, Farzaneh Abdollahi a,b
a The Center of Excellence on Control and Robotics Department of Electrical Engineering, Amirkabir University of Technology (Tehran Polytechnic),
Tehran, Iran
b Department of Electrical and Computer Engineering, Concordia University, Montreal, Quebec, Canada

h i g h l i g h t s

• A consensus protocol is proposed for a class of nonlinear continuous-time multi-agent systems with discontinuous information transmission between
agents.

• The communication topology among the agents is switching.
• Agents receive their neighbors’ information with bounded nonuniform time-varying delays.
• Communications are not continuous and updating neighbors information is asynchronous.
• This protocol tolerates arbitrary bounded time delays if the communication topology is modeled by a jointly weakly connected graph.
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a b s t r a c t

This paper presents a novel asynchronous algorithm for consensus problem of a class of nonlinear
continuous-timemulti-agent systems with discontinuous information transmission between agents. The
communication topology among the agents is switching and agents receive information in discrete time
instants with a bounded nonuniform time delay. Using feedback linearization, Lagrangian dynamics of
agents are transformed to double integrator dynamics. A state transformation is applied to obtain a non-
delayed extended state space and then the proposed controller provides consensus. Simulation results
show the effectiveness of the proposed algorithm.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

To control a group of autonomous vehicles, the main challenge
is typically to have the whole group work in a cooperative fash-
ion throughout a distributed protocol. Consensus is one of the fun-
damental topics of research in distributed control that refers to
the group behavior in which, all agents asymptotically reach to an
agreement through a local distributed protocol.

One pioneering work on consensus is generally referred to [1],
where an asynchronous agreement problem was studied for dis-
tributed decision-making problems. Thereafter, some consensus
algorithms were studied under various information-flow con-
straints as in [2–4]. As a direct extension of the study of the con-
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sensus problem for systems with simple dynamics such as single-
integrator kinematics or double-integrator dynamics, a feedback
control is introduced in [5] to achieve consensus for agents with
general linear dynamics. The consensus problemof themulti-agent
systems with nonlinear dynamics or with nonlinear consensus al-
gorithms has also been studied in [6,7].

Limited communication speed for information transmission,
computation and execution time for generating the control inputs
are the main reasons of time delay in many practical systems. The
main problem involved in consensuswith timedelay is to study the
effects of time delay on the convergence and performance of con-
sensus. Consensus of multi agent systems with single integrator
dynamics and transmission delay is studied in [8]. In a similarman-
ner, consensuswith timedelaywas studied for systemswith differ-
ent dynamics, where the standard single-integrator dynamics are
replaced by other more complex ones, such as double-integrator
dynamics [9,10], general linear dynamics [11], rigid bodies [12] and
general nonlinear dynamics [13].
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Communication links among agents are not usually fixed and
they can be disconnected. To deal with this problem, switching
communication topologies are proposed and some approaches
have been studied in [8,14,15] to reach consensus with switching
topologies. In [16], the consensus algorithm is extended for dou-
ble integrator dynamics when the information exchange topolo-
gies switch randomly with time, and necessary and sufficient
conditions are derived to guarantee state convergence.

Considering both linear and nonlinear dynamics, themain tools
for stability analysis of the closed-loop system with switching
topology or time delay are matrix theory [17], Lyapunov func-
tions [18], frequency-domain approach [19] and the contraction
principle [20].

Considering switching topology and communication delay si-
multaneously in one problem is a challenging problem which is
studied in [21], where dynamics of agents are assumed to be single
integrator and the approach is developed for group of agents with
second order discrete-time dynamics in [22].

Besides time delay and switching topologies, one of the most
important issues in information communication is quantity of
communications. In discrete time dynamics [22], it is assumed that
in each sampling time the agents have access to their neighbors in-
formation and in the continuous time dynamics [21], there is a con-
tinuous time information transmission among agents. However,
in most applications, having a continuous communication is not
possible; therefore, agents should update their neighbors informa-
tion in discrete times, which can be synchronous or asynchronous.
Asynchronous consensus in continuous-time multi agent systems
with single integrator dynamics considering switching topology
and time-varying delays is studied in [17].

The main contribution of this paper is to develop a consensus
algorithm formulti agent systemswith continuous time second or-
der nonlinear dynamics considering both switching topologies and
nonuniform time delay in the manner that the communications
are not continuous and updating neighbors information is asyn-
chronous, which is not studied at the best of authors knowledge.

Itworth noting that even in large scale systems that can be com-
pared with multi-agent systems, state estimation of these systems
is studied considering internal time-delay; However information
transmission among subsystems is continuous and interconnec-
tion of the subsystems is fixed [23].

Many rigid-body attitude dynamics and robotic manipulators
can be modeled in the form of Lagrangian equations. Therefore,
consensus of Lagrangian systems has numerous applications in
control such as consensus of multiple spacecraft with switching
interaction in the space. Another application is when there is a
team of networked mobile vehicles equipped with robotic arms
that hold sensors (e.g. iRobot Packbot Explorer), where the robotic
arms on each mobile vehicle can be modeled by Euler–Lagrange
equations. The proposed algorithm can be used to synchronize
these robotic arms and sensors equipped on different mobile ve-
hicles so that the team scan an area cooperatively. In this paper,
synchronization of a team of mobile robots with robotic arms is
studied [24].

In [25], a proportional and derivative (PD)-type synchroniza-
tion controller with feedback of the coupled position error is pro-
posed for position synchronization of multi-axis motions which
guarantees asymptotic convergence of errors to zero. This result
and also the one in [26] rely on a bidirectional or unidirectional
ring communication topology. Authors in [27] present a 6 degrees
of freedom (6-DOF) synchronization scheme for a deep space for-
mation of spacecraft which rely on an all-to-all communication
topology. Consensus of Euler–Lagrange systems is widely studied
in [24]. Moreover consensus of Euler–Lagrange systems consider-
ing time delay and jointly weakly connected topologies is stud-
ied in [28]. However, in these papers the information transmission

among agents is considered to be continuous. The main contribu-
tion of this paper is designing asynchronous controllers to make
a group of Euler–Lagrange agents reach consensus in the pres-
ence of time-varying delays while the communication topology is
switching and the information exchange among the agents is not
continuous-time. Moreover updating the neighbors information is
asynchronous. The controller is applied to a class of nonlinear sys-
tems with Lagrangian dynamics. Using feedback linearization, the
nonlinear dynamics of agents are transformed to their equivalent
linear double integrator dynamics. Typical tools such as stochas-
tic matrix theory cannot be applied since the state matrix does
not have the required features. Therefore, a state transformation
is applied to obtain a non-delayed extended state space. By solving
the resulting continuous-timemodel, sufficient conditions on con-
trol parameters and switching interaction topology are derived to
make thewhole network reach consensus under bounded arbitrary
time-varying delays. It is noted that the system has a continuous-
time dynamics and only the control input is piecewise constant.
Therefore, the collective state vector of the system is computed by
solving the continuous-time dynamics without any discretization.

The rest of the paper is organized as follows: In Section 2, some
preliminaries on graph theory and some important lemmas are
stated. The problem statement is presented in Section 3 afterwards
the consensus algorithm is proposed in Section 4. In Section 5, sim-
ulation results show the effectiveness of the proposed algorithm
and finally, conclusion is presented in Section 6.

2. Basic graph theory and preliminaries

2.1. Graph theory

To model the interactions among n agents, directed graphs
like G(V, E) with the set of nodes V = {1, 2, . . . , n} and edges
E ⊆ V × V are used. The index set of neighbors of agent i is
denoted by Ni = {j ∈ V : (i, j) ∈ E} [29]. An adjacency matrix
A = [aij] with nonnegative adjacency elements aij is introduced,
where the adjacency elements are associated with the edges of
the graph. In other words, if there exists an edge from node j to
i e.g. agent i receives information from j, then aij = w, where
w can be considered as the edge weight, otherwise aij = 0. An
indegree matrix, is a diagonal matrix that is introduced as D =

diag{d1, d2, . . . , dn}where di =
n

j=1 aij, and Laplacianmatrix can
be expressed as L = D − A.

The directed graph G(V, E) has a directed spanning tree if and
only if G(V, E) has at least one node with a directed path to all
other nodes [30].

Definition 1. Amatrix P is nonnegative, denoted as P ≥ 0, if all of
its entries are nonnegative.

Definition 2. A square nonnegative matrix is row stochastic if all
of its row sums are 1. Every row-stochastic matrix has 1 as an
eigenvalue with an associated eigenvector 1n.

Definition 3. The row-stochastic matrix P is indecomposable and
aperiodic (SIA) if limk→∞ Pk

= 1nv
T , where v is a column

vector [30].

Definition 4. Let A = [aij]r×r be a stochastic matrix, then

δ(A) = max
j

max
i1,i2

|ai1j − ai2j|

measures how different the rows of A are.
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