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a b s t r a c t

A paired data set is common in microarray experiments, where the data are often
incompletely observed for some pairs due to various technical reasons. In microarray
paired data sets, it is of main interest to detect differentially expressed genes, which are
usually identified by testing the equality ofmeans of expressionswithin a pair.Whilemuch
attention has been paid to testing mean equality with incomplete paired data in previous
literature, the existing methods commonly assume the normality of data or rely on the
large sample theory. In this paper, we propose a new test based on permutations, which
is free from the normality assumption and large sample theory. We consider permutation
statisticswith linearmixtures of paired and unpaired samples as test statistics, and propose
a procedure to find the optimal mixture that minimizes the conditional variances of the
test statistics, given the observations. Simulations are conducted for numerical power
comparisons between the proposed permutation tests and other existing methods. We
apply the proposed method to find differentially expressed genes for a colorectal cancer
study.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Testing the equality of means in a paired data set is a problem which we often encounter in practice. In particular, when
one wants to identify differentially expressed genes between normal and tumor tissues in microarray experiments, it is
common to extract RNA samples from both normal and tumor tissues of the same individual. This indirect design is usually
adopted for the experiment that uses a common reference RNA hybridized both to normal and tumor tissues. Ideally, this
experiment produces n pairs of microarray data. However, for some individuals, either the normal tissue or the tumor tissue
is not big enough for the experimenter to extract enough RNA for conducting the experiment. For this reason, one of the
paired expression levels often fails to be assessed for these individuals.

A simple approach for the unpairedmissing data is to remove those unpaired incomplete observations from the analysis,
but this would lead to a power loss in testing because tests based on all the available data are supposed to have better
performance. Another approach to deal with missing data is imputation, but this may work only when incomplete pairs
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occur for a small number of genes. We may have, however, a sizeable number of missing arrays in either the tumor or the
normal tissues.

Much attention has been paid to tests for incomplete paired data in previous literature. Many of the proposed tests
are based on estimates of the mean difference using all the available data (Lin and Stivers, 1974; Ekbohm, 1974; Bhoj,
1974). These existing methods heavily rely on the assumption that the data are generated from a bivariate normal, but
this assumption might not be true for gene expression data.

In this study, we develop a statistical method for incomplete paired data, which does not require any parametric
assumption and utilizes the information from both paired and unpaired data. We consider the class of convex combinations
of two linear statistics Tp and Tup:

Tλ = λTup +

1 − λ


Tp, 0 ≤ λ ≤ 1,

where Tp and Tup are statistics for paired and unpaired samples, respectively. The optimal combination is further chosen to
minimize the conditional variance of permuted Tλ, given the observations.

The rest of this paper is organized as follows. In Section 2, we introduce a statistical model for paired gene expression
data and review the existingmethods for incomplete paired data. In Section 3, we propose a permutationmethod for testing
the difference of means. We numerically investigate the performance of our method based on simulations in Section 4. In
Section 5, we apply the proposed method to identify differentially expressed genes from the colorectal cancer microarray
data which previously studied by Kim et al. (2005). Finally, we discuss possible extensions of our method in Section 6.

2. Existing methods

We represent incomplete paired data as a combination of paired and unpaired data sets as follows. Let (Xi, Yi) (i =

1, 2, . . . , n3) be paired observations, for the ith individuals under two different conditions. Denote XU
i (i = 1, 2, . . . , n1)

and YU
j (j = 1, 2, . . . , n2) as unpaired observations on X and Y , respectively. Then, the entire data set can be arranged as

follows:
XU
1 , . . . , XU

n1 ; ; X1, . . . , Xn3
; YU

1 , . . . , YU
n2 ; Y1, . . . , Yn3 .

Suppose that (Xi, Yi)
T is a bivariate normal random vector with mean µ = (µX , µY )

T and covariance matrix

Σ =


σXX ρσXσY

ρσXσY σYY


.

Then the marginal distributions of unpaired data are normal with mean µX and variance σXX for XU, and normal with mean
µY and variance σYY for YU, respectively. We define X, Y , SXX , SYY , SXY , and r = SXY/

√
SXXSYY as the sample means, the

sample variances, the sample covariance, and the sample correlation for the paired data, respectively. We further define
X

U
, Y

U
, SUXX , and SUYY as the sample means and the sample variances for the unpaired data. The primary interest here is

testing the mean difference δ = µX − µY .
When missing data occur only on one side (i.e., n1 = 0 or n2 = 0), one can obtain a closed form of the maximum

likelihood estimate (MLE) of µ and Σ (Anderson, 1957). However, there is no closed form of the MLE for the incomplete
data, when missing data occur on both sides (i.e., n1 ≠ 0 and n2 ≠ 0), though one can find the MLE of µ and Σ with an
iterative procedure (Orchard and Woodbury, 1970). To get a closed form of an estimator, Lin and Stivers (1974) proposed a
modified MLE with non-iterative procedures and provided several test statistics based on their estimator. Ekbohm (1974)
and Bhoj (1974) also suggested similar, but simpler, test statistics. In particular, Bhoj (1974) proposed a test statistic that
was a linear combination of the paired and the unpaired t-statistics:

TBhoj = λ
X

U
− Y

U

SUp


1
n1

+
1
n2

+

1 − λ

 X − Y
Sp/

√
n3

,

where
SUp
2

=
(n1 − 1)SUXX + (n2 − 1)SUYY

n1 + n2 − 2
and S2p =

SXX + SYY − 2SXY
n3

.

The test statistic is a linear combination of two independent t-distributed random variables. Thus, it can be adequately
approximated by a t-distribution with fB degrees of freedom, where fB is calculated by equating the second and fourth
moments of the test statistic and the t-distribution (Patil, 1965).

Recently, Kim et al. (2005) considered a nonlinear combination of paired and unpaired statistics, which is referred to
as t3:

t3 =
n3

X − Y


+ nH


X

U
− Y

Un3S2p + n2
H


SUXX
n1

+
SUYY
n2

 ,
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