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A graph has strong convex dimension 2 if it admits a straight-line drawing in the plane 
such that its vertices form a convex set and the midpoints of its edges also constitute 
a convex set. Halman, Onn, and Rothblum conjectured that graphs of strong convex 
dimension 2 are planar and therefore have at most 3n − 6 edges. We prove that all such 
graphs have indeed at most 2n − 3 edges, while on the other hand we present an infinite 
family of non-planar graphs of strong convex dimension 2. We give lower bounds on the 
maximum number of edges a graph of strong convex dimension 2 can have and discuss 
several natural variants of this graph class. Furthermore, we apply our methods to obtain 
new results about large convex sets in Minkowski sums of planar point sets – a topic that 
has been of interest in recent years.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

A point set X ⊆ R2 is (strictly) convex if every point in X is a vertex of the convex hull of X . A point set X is said to 
be weakly convex if X lies on the boundary of its convex hull. A drawing of a graph G is a mapping f : V (G) → R2 such 
that edges are straight line segments connecting vertices and neither midpoints of edges, nor vertices, nor midpoints and 
vertices coincide. Through most of the paper we will not distinguish between (the elements of) a graph and their drawings.

For i, j ∈ {s, w, a} we define G j
i as the class of graphs admitting a drawing such that the set of vertices is ⎧⎪⎨

⎪⎩
strictly convex if i = s

weakly convex if i = w

arbitrary if i = a

and the midpoints of edges constitute a 

⎧⎪⎨
⎪⎩

strictly convex if j = s

weakly convex if j = w

arbitrary if j = a

set. Further, we define g j
i (n)

to be the maximum number of edges an n-vertex graph in G j
i can have.

Clearly, all G j
i are closed under taking subgraphs and Ga

s = Ga
w = Ga

a is the class of all graphs.

Previous results and related problems: Motivated by a special class of convex optimization problems [5], Halman, Onn, and 
Rothblum [4] studied drawings of graphs in Rd with similar constraints as described above. In particular, in their language 
a graph has convex dimension 2 if and only if it is in Gs

a and strong convex dimension 2 if and only if it is in Gs
s . They show 
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Fig. 1. Inclusions and identities among the classes G j
i .

that all trees and cycles are in Gs
s , while K4 ∈ Gs

a \ Gs
s and K2,3 /∈ Gs

a . Moreover, they show that n ≤ gs
s(n) ≤ 5n − 8. Finally, 

they conjecture that all graphs in Gs
s are planar and thus gs

s(n) ≤ 3n − 6.
The problem of computing or bounding gs

a(n) and gs
s(n) was rephrased and generalized in the setting of convex subsets 

of Minkowski sums of planar point sets by Eisenbrand et al. [2] and then regarded as a problem of computational geometry 
in its own right. We introduce this setting and give an overview of known results before explaining its relation to the 
original graph drawing problem.

Given two point sets A, B ⊆ Rd their Minkowski sum A + B is defined as {a + b | a ∈ A, b ∈ B} ⊆ Rd . We define M(m, n)

as the largest cardinality of a convex set X ⊆ A + B , for A and B planar point sets with |A| = m and |B| = n. In [2] it was 
shown that M(m, n) ∈ O (m2/3n2/3 + m + n). This upper bound was complemented by Bílka et al. [1] with an asymptotically 
matching lower bound, even under the assumption that A itself is convex, i.e., M(m, n) ∈ �(m2/3n2/3 + m + n). Notably, the 
lower bound works also for the case A = B non-convex, as shown by Swanepoel and Valtr [6, Proposition 4]. In [7] Tiwary 
gives an upper bound of O ((m + n) log(m + n)) for the largest cardinality of a convex set X ⊆ A + B , for A and B planar 
convex point sets with |A| = m and |B| = n. Determining the asymptotics in this case remains an open question.

As first observed in [2], the graph drawing problem of Halman et al. is related to the largest cardinality of a convex set 
X ⊂ A + A, for A some planar point set. In fact, from X and A one can deduce a graph G ∈ Gs

a on vertex set A, with an edge 
aa′ for all a 	= a′ with a + a′ ∈ X . The midpoint of the edge aa′ then just is 1

2 (a + a′) ∈ 1
2 X ⊂ 1

2 A + 1
2 A. Conversely, from any 

G ∈ Gs
a one can construct X and A as desired. The only trade-off in this translation are the pairs of the form aa, which are 

not taken into account by the graph-model, because they correspond to vertices. Hence, they do not play a role from the 
purely asymptotic point of view. Thus, the results of [2,1,6] yield gs

a(n) = �(n4/3). Conversely, the bounds for gs
s(n) obtained 

in [4] give that the largest cardinality of a convex set X ⊆ A + A, for A a planar convex point set with |A| = n is in �(n).

Our results: In this paper we study the set of graph classes defined in the introduction. We extend the list of properties 
of point sets considered in earlier works with weak convexity. We completely determine the inclusion relations on the 
resulting classes. We prove that Gs

s contains non-planar graphs, which disproves a conjecture of Halman et al. [4], and that 
Gw

s contains cubic graphs, while we believe is false for Gs
s . We give new bounds for the parameters g j

i (n): we show that 
g w

s (n) = 2n − 3, which is an upper bound for gs
s(n) and therefore improves the upper bound of 3n − 6 conjectured by 

Halman et al. [4]. Furthermore we show that 
 3
2 (n − 1)� ≤ gs

s(n).
For the relation with Minkowski sums we show that the largest cardinality of a weakly convex set X ⊆ A + A, for A

some convex planar point set of |A| = n, is 2n and of a strictly convex set is between 3
2 n and 2n − 2.

The results for weak convexity are the first non-trivial precise formulas in this area.
A preliminary version of this paper has been published in conference proceedings [3].

2. Graph drawings

Given a graph G drawn in the plane with straight line segments as edges, we denote by P V the convex hull of its set of 
vertices and by P E the convex hull of the set of midpoints of its edges. Clearly, unless V = ∅, P E is strictly contained in P V .

2.1. Inclusions of classes

We show that most of the classes defined in the introduction coincide and determine the exact set of inclusions among 
the remaining classes.

Theorem 1. We have Gs
s = Gs

w � Gw
s � Gw

w = Gw
a = Ga

s = Ga
w = Ga

a and Gs
s � Gs

a � Gw
w . Moreover, there is no inclusion relationship 

between Gs
a and Gw

s . See Fig. 1 for an illustration.

Proof. Let us begin by proving that Gs
s = Gs

w , the inclusion Gs
s ⊆ Gs

w is obvious. Take G ∈ Gs
w drawn in the required way. 

Since the midpoints of the edges form a convex set, there exists δ > 0 such that moving every vertex by at most < δ in any 
direction, the set of midpoints of the edges remains strictly convex. More precisely, whenever there are vertices z1, . . . , zk
in the interior of the segment connecting two vertices x, y, we perform the following steps, see Fig. 2:
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